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Abstract 

We introduce the notion of a positive face structure. The positive face 

structures to positive-to-one computads are like simple graphs, c.f. [MZ], to 

r~| , free w-categories over w-graphs. In particular, they allow to give an explicit 

' combinatorial description of positive-to-one computads. Using this description 

we show, among other things, that positive-to-one computads form a presheaf 

category with the exponent category being the category of principal positive 

face structures. We also present the Harnik argument in this context showing 

that the w-categories are monadic over positive-to-one computads with the 'free 

^ , functor' being the inclusion Comp^^^ ujCat. 
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1 Introduction 

In this paper we present a combinatorial description of the category of the positive- 
to-one computads Comp"''/^. We show, that this category is a presheaf category and 
we describe its exponent category in a very simple combinatorial way as the category 
of positive principal face structures pFs^^^, see section 3. However the proof of 
that requires some extended studies of the category of all positive face structures. 
Intuitively, the (isomorphism classes of) positive face structures correspond to the 
types of arbitrary cells in positivc-to-one computads. The notion of a positive face 
structure in the main notion introduced in this paper. We describe in a combinatorial 
way, the embedding functor e : Comp'^/^ ujCat of the category of positive-to- 
one computads into the category into the a;-categories as the left Kan extension 
along a suitable functor j, and its right adjoint as the restriction along j. We 
end by adopting an argument due to V.Harnik to show that the right adjoint to 
e is monadic. This approach does not cover the problem of the cells with empty 
domains which is important for both Makkai's multitopic categories and Baez-Dolan 
opetopic categories. However it keeps something from the simplicity of the Joyal's 
^-categories, i.e. the category of positive face structures or rather the category of 
positive computypes Ctypest)^^ , the full image of the former in uCat is not much 
more complicated than the category of simple w-categories, the dual of the category 
of disks, c.f [J], [MZ], [Be]. In this sense this paper may be considered as a step 
towards a comparison of these two approaches. 

Positive face structures 

Positive face structures represent all possible shapes of cells in positive-to-one com- 
putads. A positive face structure S of dimension 2 can be pictured as a figure 

S : S5 

^9/ W n. X2/u„\xi 



4ai ^ -"V^ao 
ss^^S2 ^^^0 

and a positive face structure T of dimension 3 can be pictured as a figure 

t2 

U y5 -to 

They have faces of various dimensions that fit together so that it make sense to 
compose them in a unique way. By 5„ we denote faces of dimension n in S. Each 




faces a has a face 7(a) as its codomain and a non-empty set of faces (5(a) as its 
domain. In S above we have for ai 

7(01) = X4 and S{ai) = {x5,XQ,xg} 

and in T we have for /? 

7(/3) = 6o and (5(/3) = {61, 62, 63} 

This is all the data we need. Moreover, these (necessarily finite) data satisfy four 
conditions (see Section 3 for details). Below we explain them in an intuitive way. 

Globularity. This is the main condition. It relate the sets that are obtained by 
duble application of 7 and 6. They are 

77(a) = 75(a) — 65{a), S^{0') = 56{a) — 75(a). 

Let us look how it works for two faces ai and /3. In case of the face ai we have 

7(5(ai) = {s3, S4, sq}, 66{ai) = {s^, sq, 37} 

77(ai) = S3, S-/{ai) = {57} 

So we have indeed 

SS{ai) - jd{ai) = {s4, se, 37} - {53, S4, se} = {37} = S^{ai) 

-fS(ai) - d6{ai) = {s3, 34, se} - {s4, se, S7} = {33} = {77(ai)} 
Similarly for the face P we have 

77(/3) = yo, S-f{S) = {yi,yi,yb,y%} 

i^iP) = {yo,y2,y3}, ^HP) = {yi, 2/2, 2/3,^4,^5,^6} 

and hence 

j6{i3) -SS{/3) = {yo, 2/2,^3} - {2/i,2/2,y3,y4,y5,y6} = {yo} = iiiiP)} 
SS{i3) --f5{i3) = {yi,y2,y3,y4,y5,y6} - {^0,^2,^3} = {yi, 2/4, 2/5, ye} = h{f5) 

As we see in both cases ai and (3 the first actual formula is a bit more baroque 
(due to the curely brackets around 77(ai), 77(/3)) that in the globularity condition 
stated above. However in the following we omit curely bracket on purpose to have a 
simpler notation hoping that it will contribute to simplicity without messing things 
up. 

Using 5's and 7's we can define two binary relations and <~ on faces of the 

same dimension which arc transitive closures of the relations O"*" and <l~, respec- 
tively, a 6 holds iff there is a face a such that a G 6 (a) and 7(0;) = 6, and a<\~ b 
holds iff 7(a) G 5{b). We call <"'" the upper order and <~ the lower order. The 
following three conditions refer to these relations. 

Strictness. In each dimension, the relation is a strict order. The relation 
on 0-dinicnsional faces is required to be a linear order. 

Disjointness. This condition says that no two faces can be comparable with 
respect to both orders <+ and 

Pencil linearity. This final condition says that the sets of cells with common 
codomain (^-pencil) and the sets of cells that have the same distinguished cell in the 
domain (5 -pencil) are linearly ordered by <"*". 



The morphism of positive face structures are functions that preserves dimensions 
and operations 7 and 6. The size of a positive face structure S is defined as an infinite 
sequence of natural numbers size{S) = {size{S)k}k^i^ = {S^ — (5(5fc_|_i)}fcgt^ (almost 
all equal 0). We order the sequences lexicographically with higher dimensions being 
more important. The induction on the size of face structures is a convenient way 
of reasoning about positive face structures. Dimension of a face structure S is the 
index of the largest non-zero number in the sequence size{S). If for k < dim{S) 
{k < dim{S)), size{S)k = 1 then S is principal {normat). The normal positive face 
structures plays role of the pasting diagram in [HMP] and the principal positive face 
structures plays role of the (positive) multitopes. Note that, contrary to [HMP], we 
do not consider either the empty-domain multitopes or the pasting diagrams. The 
precise connection between these two approaches will be described elsewhere. On 
positive face structures we define operations of the domain, codomain, and special 
pushouts which plays the role of composition. With these operations (isomorphisms 
classes of) the positive face structures form the terminal positive-to-one computad, 
and at the same time the monoidal globular category in the sense of Batanin. 

Categories and functors 

We shall define the following categories 

pFs+/i S 



i-r 

Comp 
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■ ujCat 



where pFs^^^ is the category of principal positive face structures, Fs"*"/^ is the cate- 
gory of positive face structures, «S is the category of simple categories c.f. [MZ], (— )* 
is the embedding functor of positive face structures into positive-to-one computads, 
e is the inclusion functor, Ctypes^^^ is the full image of the composition functor 
(— )*;e, with the non-full embedding j. 

Having these functor we can form the following diagram 



Comp 



(-) 



-/I 



■ LoCat 



(-) 



(-) 



(-) 



Lan\ , 
sP6((Fs+/i)°P, Set) sPh{{Ctypest' fP, Set) 



Rarii 



Ran\^ 



SetiP^s+ny^ sP6(<S°P, Set) 

in which all the vertical arrows comes in pairs and they are adjoint equiv- 
alences of categories. The unexplained categories in the diagram above are: 

sPb{{Fs~^^^)°P, Set) - the category of the special pullback preserving morphisms 
from (Fs"*"/^)"^ to Set and natural transformations, sPb{S"^, Set) - the category of 



the special pullback preserving morphisms from S"^ to Set and natural transfor- 
mations, sPb{{Ctypes^^^)°P , Set) - the category of the special pullbacks preserving 
morphisms from [Ctypes^^^Y^ to Set and natural transformations. 

The functors H : Comp+/^ ^ sPb{{Fs+/^yP, Set) and {-) : ujCat 
sPb{{Ctypes^^^)°P, Set) are defined similarly, due to the embeddings (— )* in the 
previous diagram. For a computad Q and an a;-category C, Q and C are presheaves 
so that for a positive face structure S we have 

Q = Comp+/^ {S*,Q) C = uCat{S* , C) 

The adjoint functors (— ) that produce a;-categories are slightly more complicated. 
They are defined in Sections 13 and 15. The other functors are standard. The 
functors i*, j*, k* are inverse image functors. Ran\ and Ran\^ are the right Kan 
extensions along i, k, respectively and Larij is the left Kan extension along j. 

Since we have e; (— ) = (— );Lanj, and (— )'s are equivalences of categories, the 
functor Lanj is like e but moved into a more manageable context. In fact we have 
a very neat description of this functor. 

The content 

Since the paper is quite long I describe below the content of each section to help the 
reading. Sections 2 and 3 introduce the notion of a positive hyper-graph and positive 
face structure. Section 4 is concerned with establishing what kind of inclusions hold 
between iterated applications of 7's and J's. Section 5 contains many technical 
statements concerning positive face structure. All of them arc there because they 
are needed afterwards. Section 6 describes the embedding (— )* : Fs^^^ — > uiCat i.e. 
it's main goal is to define an w-category S* for any positive face structure S. Section 
7 describes rather technical but useful properties of normal positive face structures. 
In section 8 we study a way we can decompose positive face structures if they are at 
all decomposable. Any positive face structure is either principal or decomposable. 
This provides a way of proving the properties of positive face structures by induction 
on the size. Using this in section 9 we show that the w-category S* and in fact 
the whole functor (— )* end up in Comp^/^. The next two short sections 10, 11 
describe just what is in their titles: factorization in Ctypest,^^ , and the terminal 
positive-to-one computad in terms of positive face structures. Section 12 gives an 
explicite description of all the cells in a given positive-to-one computad with the 
help of positive face structures. In other words, it describe in concrete terms the 
functor (— ) : Comma^/^ — > Comp+/^. Section 13 establishes the equivalence 
of categories between Comp^^^ and the category of presheaves over pFs+/\ In 
Section 14 the principal pullbacks are introduced and the V.Harnik's argument in 
the present context is presented. Section 15 describes a full nerve functor 

p) : ^Cat Set^^'yP'^i^"^'" 

and identifies its essential image as the special pullbacks preserving functors. Section 
16 describes the inclusion functor as the left Kan extension 

Lanj : sPb{{Fs+/^)°P , Set) sPbUCtypes+^^P , Set) 

with the formulas involving just coproduct (and no other colimits). This gives as a 
corollary the fact that e : Comp^/^ — > toCat preserves connected limits. Then it is 
shown that the right adjoint to Larij 

j* : sPb{{Ctypes+/^)°P,Set) sPb{{Fs+/^)°P , Set) 



(and hence the right adjoint to e : Comp^/^ LuCat) is monadic. In Appendix we 
recall the definition of the category of positive-to-one computads. 
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Notation 

In the paper we will use both directions of compositions of morphisms in categories. 
But each time we will write which way we compose the morphism. So, for the 

composition of a pair of morphism x y — ^ z we can write either f;goTgof. 
u is the set of natural numbers. 



2 Positive hypergraphs 

A positive hypergraph S isa family {S'fcjfcgt^, of finite sets of faces, a family of functions 
{7fe : Sk+i Skjkeio, and a family of total relations {5k ■ Sk+i Sk}o<k<n- 
Moreover 60 : Si ^ Sq is a function and only finitely many among sets {5"^}^^^^ are 
non-empty. As it is always clear from the context we shall never use the indices of 
the functions 7 and 6. 

A m,orphism of positive hypergraphs f : S — > T is a family of functions fk '■ 
Sk — > T/j, for G a;, such that the diagrams 



Q f fc + 1 /7-I 

-Jfe+l ^ J-k+1 



n fk+1 rri 

^ -tfc+l 



7 



7 



Sk 



fk 



Sk 



fk 



Tk 



commute, for k (z to. The commutation of the left hand square is the commutation of 
the diagram of sets an functions but in case of the right hand square we mean more 
than commutation of a diagram of relations, i.e. we demand that for any a G <S'>i, 
fa ■ S{a) — > §{f{a)) be a bijection, where /„ is the restriction of / to S{a). The 
category of positive hypergraphs is denoted by Hg^^. 

When convenient and does not lead to confusions, for a £ Sk we sometime treat 
7(a) as an element of Sk-i and sometimes as a subset {7(a)} of Sk-i- 

Before we go on, we need some notation. Let S be a positive hypergraph. 



1. The dimension of S is max{k £ u : Sk ^ $}, and it is denoted by dim{S). 

2. The sets of faces of different dimensions are assumed to be disjoint (i.e. Sk n 
Si = 0, for A; / /). S is also used to mean the set of all faces of S, i.e. Ufc=o Sk', 
the notation ^ C 5 mean that ^ is a set of some faces oi S\ Ak = Ap[ Sk-, for 
k £ u. 



3. If a G Sk then the face a has dimension k and we write dim{a) = k. 

4. For a G S>i the set 9{a) = S{a) U 7(a) is the set of codimension 1 faces in a. 



5. S>k = U>fc'S'i, S<k = U<fc'S'i- The set S<k = [ji<k'^i is closed under S 
and 7 so it is a sub-hypergraph of S, called fe-truncation of S. 

6. The image of ^ C S under S and 7 will be denoted by 

S{A) = U <5(a), j{A) = {7(a) : a G A}, 

respectively. In particular SS{a) = \Jxe5{a) ^i^)^ 7'^('^) = ili^) '■ ^ ^ <^(''^)}- 

7. i(a) = (5(5(a) n 7(5(a) is the set of internal faces of the face a € S>2- 

8. On each set Sk we introduce two binary relations <^k,- ^nd <'^fe'+, called 
lower and u/?;?er order, respectively. We usually omit k and even S in the 
superscript. 

(a) <^°'~ is the empty relation. For A; > 0, <'^'='~ is the transitive closure of 
the relation <i^k,- on Sk, such that a <'^fc'~ b iff 7(a) G (5(6). We write 
a _L~ 6 iff either a <~ 6 or 6 <~ a, and we write a <~ b iff either a = b 

or a <~ 6. 

(b) <'^'='+ is the transitive closure of the relation <|'^'='+ on Sk, such that 
a<i^k,+ b iff there is a G Sk+i, such that a G 5{a) and 7(a) = b. We write 
a -L'^ b iff either a 6 or 6 a, and we write a 6 iff either a = b 
or a <"•" b. 

(c) a / 6 if both conditions a /+ 6 and a JL~ b hold. 

9. Let a,b E Sk- A fower path ao, . . . , am from a to b in S is a sequence of faces 
ao, . . . , am G Sk such that a = oq, 6 = am and for 7(ai_i) G 6{ai), i = 1, . . . ,m. 

10. Let x,y E Sk- An upper path x,ao, - - - , am, y from x to y in S is a sequence of 
faces ao, . . . ,am G 5^+1 such that x G 5{ao), y = 7(0^) and 7(aj_i) G 5(ai), 
for i = 1, . . . , m. 

11. The iterations of 7 and 5 will be denoted in two different ways. By 7^ and 5^ 
we mean applications of 7 and (5, respectively. By 7*^'^) and 5^^^ we mean the 
application as many times 7 and 5, respectively, to get faces of dimension k- 
For example in a G ^5 then S^{a) = 6SS{a) C ^2 and S^^\a) = SS{a) C ^3. 

12. For I <k, a,be Skwe define a 6 iff 7^(0) <" 7^(6). 

13. A face a is unary iff 5{a) is a singleton. 

We have 

Lemma 2.1 If S is an hypergraph and k E u, then <^k+i,- ig q strict partial order 
iff <^k,+ ig a strict partial order- 

3 Positive face structures 

To simplify the notation, we treat both S and 7 as functions acting on faces as well 
as on sets of faces, which means that sometimes we confuse elements with singletons. 
Clearly, both S and 7 when considered as functions on sets are monotone. 

A positive hypergraph 5 is a positive face structure if it is non-empty, i.e. Sq 
and 



1. Globularity: for a G S>2' 



77(a) = 7(5(a) — SS{a), ^^{O') = SS{a) — 7(5(a); 

2. Strictness: for k E lo, the relation <'^'='+ is a strict order; <'^0'+ is linear; 

3. Disjointness: for A; > 0, 

4. Pencil linearity: for any A; > and x G Sfc-i, the sets 

{a E Sk \ X = 7(a)} and {a G 5^ | x G (5(a)} 
are linearly ordered by <'^'='+. 

5 is a weak positive face structure if 5 is a globular, strict, disjoint, positive 
hypergraph (i.e. pencil linearity is not required to hold). 

The category of (weak) positive face structures is the full subcategory of Hg^"*^ 
whose objects are the (weak) positive face structures and is denoted by denoted by 
(wFs+/i). 
Remarks. 

1. The reason why we call the first condition 'globularity' is that it will imply 
the usual globularity condition in the w-categories generated by positive face 
structures. 

2. For each k € uj, the fc-truncation of a weak positive face structure S is again 
a weak positive face structure S<k- In particular, any ^-truncation of a pos- 
itive face structure 5 is a weak positive face structure >S'<fe, but it does not 
necessarily satisfy local linearity condition. 

3. Note that if we were to assume that each positive face structure has a single 
cell of dimension —1 then linearity of <'^0'+ would become a special case of 
pencil linearity. 

4. The fact that, for x G Sk-i, the set {a E Sk \ x = 7(a)} is linearly ordered 

is sometimes referred to as ^-linearity of <c^k,+^ ^nd the fact that the set 
{a & Sk \ X & S{a)} is linearly ordered is sometimes referred to as S-linearity 

of <'^*'+. 

5. If S has dimension n, as hypergraph, then we say that S is an n-face structure. 

6. The size of positive face structure S is the sequence natural numbers size{S) = 
{\Sn — SiSn+i)\}neuji with almost all being equal 0. We have an order < on 
such sequences, so that {xnjnGu < {yn}neu) iff there is A; G a; such that Xk < yk 
and for all I > k, xi = yi. This order is well founded and many facts about 
positive face structures will be proven by induction on the size. 

7. Let 5 be a positive face structure. S is A;-principal iff size{S)i = 1, for Z < A;. S 

is principal iff S is (iim(5)-principal. S is normal iff S is (dim(S) — l)-principal. 
S is A;-normal iff S is normal and dim{S) = k. By pFs"*"/^ (nFs"*"/^) we denote 
full subcategories of Fs+/^ whose objects are principal (normal) positive face 
structures. 



4 Atlas for 7 and 6 

We have an easy 

Lemma 4.1 Let S be a positive face structure, a € S^, n > 1. Then 

1. the sets 5j{a), L{a), and 77(a) are disjoint; 

2. SS{a) = (57(a) U L{a); 

3. j5{a) = 77(a) U t{a). 

Proof. These are immediate consequences of globularity. □ 

Moreover 

Lemma 4.2 Let S be a positive face structure, a G Sn, n > 2. Then we have 

1. (^77(0) C 5^5{a) C (577(a) U 17(0) = 55^{a) = SSS{a); 

2, 'y^'y(a) C 77(5(a) C 777(a) U t7(a) = 7^7(0) = 'y6d{a). 

Proof. From globularity we have 77((a;) C j6{a). Thus by monotonicity of S 
and 7 we get 

777(a) C 77(5(a) and (577(a) C S^S{a) and 77(5(a) C jd5{a). 

Similarly, as we have from globularity: 6j{a) C S5{a) it follows by monotonicity 
of (5 and 7: 

7(57(a) C 7(5(5(a) and 56'y{a) C (5(5(5(a) and 57(5(a) C 6d6(a). 
The equalities 

(577(a) U <.7(a) = dSj{a) and 777(a) U L'y{a) = ^5^{a) 

follow easily from Lemma 4.1. 
Thus it remains to show that: 

1. (5(57(a) D 655{a), 

2. 7(57(a) D 75(5(a). 

Both inclusions can be proven similarly. We shall show the first only. 

Suppose contrary, that there is u G 555{a) — 55^{a). Let x G (5(a) be <~-minimal 

element in (5(a) such that there is s G 5{x) with u G (5(s). If s G ^7(0) then u G 55^i{a) 
contrary to the supposition. Thus s (57(a). Since 5^{a) = 55{a) — 7(5(a) it follows 
that s G 7(5(a). Hence there is x' G (5(a) with 7(x') = s. In particular x' <^ x. 
Moreover 

u G (5(s) = 5^{x') C M(x'). 

Then there is s' G (5(x') so that u G (5(s'). This contradicts the < "-minimality of x. 
□ 

From Lemma 4.2 we get 



Corollary 4.3 Let S be a positive face structure, a G Sn, n > 2, k < n. Then, with 
and being two fixed strings of^'s and d's of length I, we have 

2. S^''-\a) C (5^(a); 

3. S''{a)r\-f''{a) = 0; 

5. S'^C''~^{a) = S^C"'~\a), (e.g. 5^{a) = 5'^-i^-^{a)); 

6. -i5e-\a) = -i5e-''{a), (e.g. -i5^-\a) = ^5-f^-\a)); 

7. ^^-2^7(0) = ^^-2,52 (a), for k > 2; 

8. 5'' (a) = 57*=- Ha) U n''-^{a), for k > 1. 

5 Combinatorial properties of positive face structures 
Local properties 

Proposition 5.1 Let S be a positive face structure, k>0 and a G -Sfe, 01,02 G S{a), 
oi ^02- Then we have 

L ai /+ 02; 

2. 5{ai) n 5{a2) = and 7(01) / 7(02). 

Proof. Ad 1. Suppose contrary that there are 01,02 G 6{a) such that oi <"'" 02- 
So we have an upper path 

ai,Pi, . . . ,(3r,a2 

and hence a lower path 

/?i, . . . ,/?r,a. 

In particular /?i <~ a. As oi G (5(/3i) fl (5(q;) by (5-linearity we have /3i ±+ a. But 
then G-L"*" fl -L~7^ i.e. S does not satisfy the disjointness. This shows 1. 

Ad 2. This is an immediate consequence of 1. If 01,02 G 6 [a) and either 
7(01) = 7(02) or (5(oi) n (5(o2) / then by pencil linearity we get that oi IJ^ 02, 
contradicting 1. □ 

After proving tlic above proposition we can introduce more notation. Let S be 
a positive face structure, n E lo. 

1. For a face a G Sn+2, we shall denote by p{a) G S{a) be the only face in 6{a), 
such that 7(/9(a)) = 77(0;). 

2. X C Sn+i, a,b e Sn and o, cci, . . . , a/t, b be an upper path in S. We say that 
it is a path in X (or X-path) if {a^, . . . , a^} C X. 

Lemma 5.2 Let S be a positive face structure, n E lo, a E Sn+2, a,b & Sn+i, 
y G (5(5 (a). Then 

1. there is a unique upper 6{a)-path from y to 77(0;); 

2. there is a unique x G 5'y{a) and an upper 6 (a) -path from x to y such that 
7(x) = 7(y); 



3. if t € 6{y) there is an x G 6j{a) and an upper S{a)-path from x to y and 
t e 5{x); 

4. Ifa<-^b then 7(a) <+ 7(6). 

Proof. Ad 1. Uniqueness follows from Lemma 5.1. To show the existence, let 
us suppose contrary that there is no S{a)-psLth. from y to 77(0;). We shall construct 
an infinite upper J(a)-path from y 

y, 01,02,... 

As y G d6(a) there is oi G 5{a) such that y G 5(ai). So now suppose that we have 
already constructed ai,...,Ojt. By assumption 7(0^) 7^ 77(0;), so 7(0/;) G 6d{a). 
Hence there is Qk+i G S{a.) such that 7(0^) G S{ak+i)- This ends the construction 
of the path. 

As in positive face structure there are no infinite paths, this is a contradiction 
and if fact there is a (5(a)-path from y to 77(0;). 

Ad 2. Suppose not, that there is no x G 6j{a) as claimed. We shall construct 
an infinite descending lower 5(a)-path 

. . . <~ Oi <~ Oo 

such that 7(00) = y, 77(a„) = 7(1/) = t, for n G w. 

By assumption y ^ 5'y(a) = dS{a) — 7(5(a). So y G 7^(0;). Hence there is 
Oo G 6{a) such, that 7(00) = y- Now, suppose that the lower 5(Q;)-path 

Ofe <" Ofc_i <~ ...<~ ao 

has been already constructed. By globularity, we can pick z G S{ak), such that 
7(z) = t. By assumption z ^ Sj{a) = SS{a) — jS{a). So z G jS{a). Hence there is 
Ofc+i G (5(a) such, that 7(0^+1) = z £ S{ak)- Clearly, 77(afc+i) = t. This ends the 
construction of the path. But by strictness such a path has to be finite, so there is 
X as needed. 

Ad 3. This case is similar. We put it for completeness. 

Suppose not, that there is no x G Sj{a) as above. We shall construct an infinite 
descending lower (5(a)-path 

. . . <~ Oi <~ Oo 

such that 7(00) = Ui t ^ <57(0'n), for n G 

By assumption y (57(a) = 66 {a) — ^6{a). So y G 75(a). Hence there is 
Oo G (5(a) such, that 7(00) = y- Now, suppose that the lower (5(a)-path 

flfc <~ Ofc-l <1~ . . . Oo 

has been already constructed. By globularity, we can pick z G 6{ak), such that 
t G 6(z). By assumption z (57(a) = 66{a) — 75(a). So 2; G 75(a). Hence there is 
o.k+1 € <5(q;) such, that 7(0^+1) = 2; G (5(ofe). Clearly, t G 6j{ak+i)- This ends the 
construction of the path. But by strictness such a path has to be finite, so there is 
X ctS needed. 

Ad 4. The essential case is when a b. This follows from 1. Then use the 
induction. □ 

Lemma 5.3 Let S be a positive face structure, n > 1, a G Sn+i, and a,b & Sn such 
that o <"•" 6. Then 



1. i5(a) = i7(a) ; 



2. L(a) C i{h); 



3. i(a) U 77(a) C U 77(6); 
^. M(a) C ,5(5(6); 
5. m{a) C ^^(6). 

Prooj. Ad 1. i(5(a) C 47(0): 

Fix a € (5(a) and t G t(a). Thus there are x,y (5(a) such, that 7(2;) = t G '^(y)- 
By Lemma 5.2 2,3 there are x',y' G (57(a) such, that x' x, y' y and 7(0;') = 
i G (5(y')- Thus t G ^7(0) and the first inclusion is proved. 

t6{a) 3 t7(a): 

Fix t G i7(a). In particular, there are x,y € 5^{a), so that 7(0;) = t E S{y). 
Suppose that t i(5(a). We shall build an infinite (5(a)-path 

ai <" 02 . . . 

such that 77(ai) = t for i G a;. 

Since (57(a) C 5S{a), there is ai G (5(a) such, that x G 6{ai). Since t ^ i5{a), it 
follows that 77(ai) = t. Suppose now that we have already constructed the path 

ai <~ a2 . . . afc 

as above. We have 77(0^) = t <!"'" 7(y) <"'" 777(a). So 7(0^) 7^ 77(«) and 7(0^) G 
dS{a). Then there is afc+i G (5(a) such, that 7(0^) G (5(ajfc+i). Again, as t ^ i(5(a), 
it follows that 77(0^+1) = t. This ends the construction of the path. Since, by 
strictness, such a path cannot exists we get the other inclusion. 

Ad 2. Since the inclusion is transitive, it is enough to consider the case a <!"'" b, 
i.e. there is an a G Sn+i such, that a G (5(a) and b = 7(a). Then by 1. we have 

i(a) C i(5(a) = <.7(a) = i(6) 

Ad 3. As above it is enough to consider the case a<l~^b, i.e. that there is a G Sn+i 
such that a G 5{a) and 7(a) = b. By 2. we need to show that 77(a) C i(6) U 77(6). 
We have 

77(a) G 77(5(a) C i.7(a) U 777(0:) = i.(6) U 77(6). 

Ad 4. Again it is enough to consider the case a b, i.e. that there is a G «S„_|_i 
such that a G (5(a) and 7(a) = b. We have 

(5(5(a) C (5(5(5(a) = (5(57(a) = (5(5(6). 

Ad 5. This follows from 3. and 4. □ 

Global properties 

Lemma 5.4 Let S be a positive face structure, n & to, a,b € Sn, a <+ 6. Then, 
there is an upper Sn+i — ^{Sn+2)-p<ith from a to b. 

Proof. Let a, ai, . . . , a^, 6 be an upper path is S. By Lemma 5.2 we can replace 
each face a^ in this path which is not in 5" — 7(5) by a sequence of faces which are 
<+-smaller. Just take F G Sn+2, such that 7(F) = a^ and take instead of a^ a path 
in (5(F) from 7(ai_i) (if i = then from a) to 7(0^). Repeated application of this 
procedure will eventually yield the required path. □ 



Lemma 5.5 Let S be a positive face structure, n > 0, a £ Sn, a G Sn+i; o.'nd either 
7(a) € i{a) or 5{a) fl i{a) / 0. Then a <"•" 7(a). Moreover, if a & S — j{S) then 
there is a unique a' G S{a) such that a a' . 

Proof. If a G 6{a) there is nothing to prove. So we assume that a 6{a). 

We begin with the second part of Lemma, i.e. we assume that a G Sn+i — 

l{Sn+2)- 

Let 7(a) G i(a). Thus there arc b,c E 5{a) such that 7(a) = 7(5) G 5{c). 
In particular a <~ c. By 7-hnearity either b a or a b. Suppose that 
b <"•" a. Then we have an (S — 7(5))-upper path b,Po, . . . ,Pr,o,- As b G a Ci Pq 
and a,Po G S — 7(5), we have a = /?o- But then c G 6{a) = 5{Po) and hence 
c <+ 7(/3o) So we get a <^ c and c <"'" a contradicting the disjointness of -L"*" 

and _L^. Thus we can put a' = b and we have a a'. The uniqueness of a' follows 
from the fact that 7(a) = 7(a'). 

The case S{a) n i(a) 7^ is similar and we put it for completeness. Thus there 
are 6, c G (5(a) such that 7(6) G S{a) fl (5(c). In particular b <" a. By (5-linearity 
either c <"'' a or a <^ c. Suppose that c <"*" a. Then wc have an (S — 7(S'))-upper 
path c,Po, . . . ,Pr,o,- As c € a n Po and a, fjo G S — 7(5"), we have a = Pq. But 
then b G S{a) = S{Po) and hence b <"*" 7(/3o) cl- So we get 6 <~ a and 6 a 
contradicting the disjointness of and _L~. Thus we can put a' = c and we have 
a <+ a'. The uniqueness of a' follows from the fact that 7(6) G S{a') and a' G (5(a) 
and Lemma 5.1. 

The first part of the Lemma follows from the above, Lemma 5.2.4 and the fol- 
lowing Claim. 

Claim. If a G Sn+i and x G i(a) then there is an a' G Sn+i such that a' a, 
X G t(a') and a' 7(>S'„_|_2). 

Proof of the Claim. Suppose that Claim is not true. To get a contradiction, we 
shall build an infinite descending 7(S'„+2)-path 

. . . <!''' ai <1^ ao = a 

such that X G /-(a^), for i G uj. 

We put ao = a. Suppose that wc have already constructed ao, • • • , a^ G 7(5„+2). 
Hence there is /3 G Sn+2 such, that 7(/3) = a^. Since t(5(/3) = t7(/3) = i(afc), there is 
ajfc+i G (5(/3) such, that a; G t{ak^i). This ends the construction of the infinite path 
and the proof of the Claim and the Lemma. □ 

Corollary 5.6 Let S be a positive face structure. If a G S—5{S) then^{a) G S—l{S) 
and (5(a) CS-l{S). 

Proof. Let a £ Sn and a G 5'„+2- If either 7(a) G t(a) or (5(a) fl t(a) / then by 
Lemma 5.5 a <+ 7(a). Thus a G 6{S). □ 

A lower path 60) • • • ) is a maximal path if S{bo) Q S{S) — 7(5) and 7(6m) S 
7(6*) — 5{S), i.e. if it can't be extended either way. 

Lemma 5.7 (Path Lemma) Let k > 0, B = (ao, . . . ,ak) be a maximal Sn-path 
in a positive face structure S, b E Sn, < s < k, Us b. Then there are 
0<l<s<p<k such, that 

1. ai b for i = I,. . . ,p; 

2. j{ap) = 7(6); 

3. either I = and 5{ao) C 5{b) or I > and 7(a;_i) G (5(6); 



4- 7(^0 e l{S), fori <i <p. 

Proof. Let 0<l<p<khe such that a, <+ b for I < i < p and either I = 
or a;_i 6 and cither p = k or a^^i b. Wc shall show that I and p have the 
properties stated in the Lemma. From the very definition the property 1 holds. 

We shall show 2. Take an upper (S — 7(S'))-path from Op to b: Op, Pq, . . . ,(5r,b. 
If 7(ap) = 77(A), for i = 0, . . . ,r then 7(0^) = 77(/?r) = and we are done. So 
suppose contrary and let 

iQ = min{i : 7(ap) ^ 77(A)} 

Then there are a,c € '^(Ao) such that 7(0^) = 7(a) € 5(c) (NB. a = Op if ig = 
and a = 7(/?ig_i) otherwise). In particular 7(op) G '-(Ag). As 7(ap) G (^(S), we have 
p < k. Thus 7(ap) G 5(op+i) n i(/9io), and by Lemma 5.5 Op+i <+ c 6. But this 
contradicts the choice of p. So the property 2. holds. 

Now we shall show 3. Take an upper (5— 7(>S'))-path from ai to b: ai, Pq, . . . ,l3r,b. 
We have two cases: I = and I > 0. 

If Z = then there is no face a E S such that 7(a) e S{ai). As ^(0^) C S6{j3o) we 
must have S{ai) G S^{(3i), for i = 0, . . . , r. Hence S{ai) C 5^{(3r) = ^ip) and 3. holds 
in this case. 

Now suppose that I > Q. If 7(a;_i) G 6'y{Pi), for i = 0, . . . , r, then 7(a/_i) G 
'57(A) = '5(&) and 3. holds again. So suppose contrary , and let 

ii = min{i : 7(a/_i) (57(A)} 

Then there are a,c (z <5(Ai) such that ^(ai^i) = 7(a) G 5(c) (NB: c = a/ if ?'i = 
and c = 7(Ai-i) otherwise). In particular ^(ai^i) G ^(Ai), and by Lemma 5.5 we 
have ai_i <+ a <+ 5 contrary to the choice of I. Thus 3. holds in this CclSG clS well. 

Finally, we shall show 4. Let I < j <p and /3o, . . . , (3r,bhe an upper {S—5{S))- 
path from Uj to 6. As aj <~ ap and Op 6 we have 7(0^) 7^ 7(&)- So we can put 

12 = min{i : j{aj) / 77(A)} 

But then 7(0^) G 75(A2) ~ uiPii) = ''(A2)- Therefore 7(0^) G «-(£') and 4. holds. 

□ 

Lemma 5.8 Let S be a positive face structure, n & w, x,y G Sn, x <"*" y. Then if 
x,y ^ L{Sn+2), then there is an upper path from x to y contained in Sn+i — 5{Sn+2)- 

Proof. Assume x,y E {S — t{S)) and x y. Let 

x,bo,...,bk,y 

be an upper path from x to y with the longest possible initial segment 60, . . . , 6; in 

S-6{S). 

We need to show that k = I. So suppose contrary, that I < k. By Corollary 5.6 

j{bi)not G i^{S). Let a be a face such that bi+i G t(a). In particular 6;_|_i 7(a)- 
As 7(6;) i{S) wc have 7(6^) G 6j{a) (= 65(a) - i{a)). So 7(6;) G 5(6/+i n ^7(0). 

Let a be the <+-largest element of the set {b € S : j{bi) G 5(6)}. Then < a. 
By a similar argument as above for 6;+i we get that a 5(5). By Lemma 5.7 there 
is p such that I + 1 < p < k such that 7(6p) = 7(a) (Note that the facts that 
y ^ l{S) and Lemma 5.7.4 are needed here.). Thus we have an upper path from x 
to y, x,bo, . . . , bi,a, fep+i, . . . ,bk,y with a longer initial segment in S — S{S). But this 
means in fact that in fact Z = A;, as required. □ 



Order 



Lemma 5.9 Let S be a positive face structure, n G lo, a,b E Sn- Then we have 

1. If a h then for any x G 5{a) there is y G 5{b) such that y <"•" x; 

2. If a b and 7(a) = 7(6) then for any y G 6(b) there is x G 5{a) such that 
y <+ x; 

3. //7(a) = 7(6) then either a = b or a _L"'' b; 

4- If ^{a) 7(6) then either a <"*" b or a <~ b; 

5. Ifa<+b then 7(a) <+ 7(6); 

6. Ifa<-b then 7(a) <+ 7(6); 

7. //7(a) _L- 7(5) then a b and a /+ b. 

Proof. Ad 1. Let a <+ b and x G (5(a). We have two cases: either x G 7(6') or 

In the first case there is a' G, such that 7(0') = x. Let ao, . . . , a/j be a maximal 
path containing a', a, say Qg-i = a' and Qg = a, where < s < A;. As b, by 

Lemma 5.7 there is Z < s and y G S{ai) fl S{b). Clearly, y <+ x. 

In the second case consider an upper path from a to 6: a, (3o, . . . , (3r,b. We have 
X G 6(a) C 66(Po). As X ^ 7(S) so x ^ l6(Po), and hence x G 66(Po) — ^6(Po) = 
6j(Po). Thus we can define 

r' = max{i : x G 6'y(Pi)} 

If we had r' < r then again we would have x G 66(Pr'+i) — 7<5(/3r'+i) = S7(Pr'+i)i 
contrary to the choice of r'. So r' = r and x G 6'y(l3r) = 6(b). Thus we can put 
y = x. 

Ad 2. Fix a <+ 6 such that 7(a) = 7(6) and y G (5(6). We need to find x G S(a) 
with y <^. Take a maximal (S* — 7(5))-path oq, passing through y, i.e. 

there is < j < A: such that y G 6(a,.j) and if y G 7(5*) then moreover j > and 
7(aj_i) = y. Since 7(5') by (5-lincarity aj b. Thus by Lemma 5.7 there is 
j < p < k such that 7(0^) = 7(6) = 7(a). Since Op 7(5) by 7-linearity we have 
ttp a. I{ Up = a then we can take as the face x either y if p = or 7(ap_i) if 
p > 0. So assume now that Op <^ a. Again by Lemma 5.7 there is < / < p such 
that either I = and 6(ao) C 6(a) 01 I > and 7(ai_i) G 6(a). As a; is the first face 
in the path oq, . . . , afc such that ai a and aj is the first face in the path ag, . . . ,ak 
such that a; <"*" 6 and moreover a <^ b it follows that j < I. Thus in this case we 
can take as the face x either y if / = or 7(a/_i) if ^ > 0. 

Ad 3. This is an immediate consequence of 7-linearity. 

Ad 4. Suppose 7(a) <+ 7(6). So there is an upper path 

7(a), Cl,...,Cfc, 7(6) 

with k > 0. We put cq = a. We have 7(cfc) = 7(6) so by 7-linearity Ck -L"'" b. So we 
have two cases: either b <^ Ck or <^ b. 

If 6 <"*" Cfe then by Lemma 5.7 for any maximal path that contains b and the face 
Cfc we get that Cfc_i <~ 6. Thus we have a <~ b. 

If Cfc <"*" 6 then by Lemma 5.7 for any maximal path that extends cq, ci, . . . , 
and face b we get that either there is < i < A; such that 7(cj) G 6(b) and then 
a <~ b or else a = cq <+ b. 



Ad 5. This is repeated from Lemma 5.2. 

Ad 6. Suppose a <~ b. Then there is a lower path 

a = ao,ai,...,ak = b 

with A; > 0. Then we have an upper path 

7(a) = 7(ao), oi, • • • , a^, 7(0^) = 7(6). 

Hence 7(0,) <+ j{b). 

Ad 7. Easily follows from 5 and 6. □ 

Proposition 5.10 Let S be a positive face structure, a,b E Sn, a b. Let 

{O'i}o<i<n, {^'i}o<j<n be two Sequences of codomains of a and b, respectively, so 
that 

a. = 7^*^ (a) h = l^'^{b) 

(i.e. dim{ai) = i), for i = 0, . . . ,n. Then there are two numbers < I < k < n such 
that either 

1. Qi = bi for i < I, 

2. Qi <+ bi fori <i< k, 

3. Qi <~ bi for k + 1 = i < n, 
4- tti / bi for k + 2 < i < n, 

or the roles of a and b are interchanged. 

Proof. The above conditions we can present more visually as: 

ao = 60, • • ■,ai-i = bi_i, ai <+ bi, . . . Ofc <+ bk, 

O-k+l < bk+lj 0,k+2 / • • • , Ctn / &n- 

These conditions we will verify from the bottom up. Note that by strictness <'^0'+ is 
a linear order. So either ao = bo or ao -L^ bo. In the later case 1 = 0. As a 7^ 6 then 
there is z < n such that a^ / bi. Let I be minimal such, i.e. I = min{i : ai / bi}. By 
Lemma 5.9 3., a; X"*" 6/. So assume that ai <+ 6/. We put k = max{i < n : Oi <+ 
bi}. If k = n we are done. If k < n then by Lemma 5.9 4., we have ak+i <~ ^fc+i- 
Then if + 1 < n, by Lemma 5.9 5. 6. 7., a^ / 6^ for + 2 < i < n. This ends the 
proof. □ 

Prom the above Proposition we get immediately 

Corollary 5.11 Let S be a positive face structure, a,b € Sn, a ^ b. Then either 
a IS^ b or there is a unique < I < k such that a J-f b, but not both. 

The above Corollary allows us to define an order (also denoted <) on all cells 
of S as follows. Por a,b € Sn, 

a <^ b iff a <+ 6 or 3; a b. 

Corollary 5.12 For any positive face structure S, and n E u, the relation <^ 
restricted to Sn is a linear order. 



Proof. We need to verify that < is transitive. 
Let a,b,c & Sn- There are some cases to consider. 
If a <+ b c then clearly a <+ c. 

If a <+ 6 <f c then we have •y^'-^a) <+ 7^(6) <~ 7^(0). By Lemma 5.2 4., 
and transitivity of <~ we have 7*-'^ (a) <~ j^''\c). Hence a c. 

If a <Y h <"*" c then, by use Lemma 5.7, either the maximal lower path from 
that contains both 7*-'^ (a) and 7*^') (6) passes between 7*-''*(a) and 7'^^-' (6) through a 
face in 5^^^'^^\c) and a <f c or it does not passes through a face (57^'+^) (c) and 
then 7^'^ (a) <"'" j^^\c). Thus by Proposition 5.10 either there is I < I' < n such that 
7^^ \a) <"•" 7*^' )(c) and hence a <;7 c or a <+ c. 

Finally suppose that a <^ 6 <Y c. 

li k = I then clearly a <i c. 

If k > I then 7(')(a) <+ 7*^') (6) <~ 7(^^(0) and, by the previous argument, 
7(^^(0) <" 7(^Hc), i.e. a c. 

Finally, assume that k < I, i.e. ^'^^\a) < j'^'^\b) <+ 7(^^(0). Then, by Path 
Lemma, either 'j^''\a) <~ 'j^'^^c) or j^'^^a) <+ ^^'^\c). In the latter case, by 
Proposition 5.10, either a b or there is k', such that k < k' < n and 7^^ ^(a) <^ 
7^*^ \c). In any case we have a < c, as required. □ 

From the proof of the above corollary we get 

Lemma 5.13 Let S be a positive face structure, a G Sn, a- Then the set 

{beSn : a<+ b} 

is linearly ordered by <+. 

Proof. Suppose a b, b'. If we where to have b <Y b' for some I < n then, by 
Corollary 5.12 we would have a b' which is a contradiction. □ 

Corollary 5.14 Any morphism of positive face structures is one-to-one. Moreover 
any automorphism of positive face structures is an identity. 

Proof. By Corollary 5.12, the (strict, linear in each dimension) order is 
defined internally using relations <~ and <"*" that are preserved by any morphism. 
Hence must be preserved by any morphism, as well. From this observation the 
Corollary follows. □ 

Lemma 5.15 Let S be a positive face structure, a,b E Sn, a. Then 

1. ifL{a) n i{b) ^ then a _L+ b; 

2. if^^ i{a) C i{b) / i(a) then a <+ b; 

3. ifa±-b then t(a) n i(6) = 0. 

Proof. 2. is an easy consequence of 1. and Lemma 5.3. 3. is an easy consequence 
of 1. and Disjointncss. We shall show 1. 

Assume that u € i(a) n t{b). Thus there are x,y G S{a) and x',y' G 6{b) such 
that 7(x) = 7(x') = M G 5{y) fl 6{y'). If x = x' then by Local linearity a _L+ b, as 
required. So assume that x ^ x' . Again by Local linearity x -L"*" a;', say x' _L+ x. 
Thus there is a T — 7(T)-path x', ai, . . . , a^, x. As, for i = 1, . . . ,k, ^j{ai) = u 
and J^ib) ^ L{b) 3 u, wc have that 7(0-1) 7^ jib) and 7^ b. Once again by Local 
linearity oq b and by Path Lemma ai < b, for i = 1, k with 7(0/0) / 7(^')- As 
7(ofe) = X E S{a), again by Path Lemma a <+ 6, as well. □ 



Proposition 5.16 Let S be a positive face structure, a,b Sk, a G Sk+i, so that 
a is a -minimal element in S^+i, and a G 5{a), b = 7(a). Then b is the <+- 
successor of a. 

Proof. Assume that a is a < "'"-minimal clement in S^+i- Suppose that there is 
c & Sk such that a <"*" c <"•" b. Thus we have an upper path 

a,(3i,...,(3i,c,(3i+i,...,l3i,b. 

Hence /3i <~ (3i. Moreover a G (5(/?i) n (5(a) and 7(A) = b = 7(0;). Thus both /?i 
and Pi are <+-comparable with a. Since a is <+-minimal we have a <"*" Pi,f3i. By 
Lemma 5.13, ,61 -L"*" /?/. But then we have GX"*" fl -L~y^ 0, contradicting 

strictness. □ 

Proposition 5.17 Let T be a positive face structure and X Q T a subhypergraph 
of T. Then X is a positive face structure iff the relation <-^'~^ is the restriction of 
<^'+ to X. 

Proof. Assume that X is a subhypergraph of a positive face structure T. Then 
X satisfies axioms of globularity, disjointness, and strictness of the relations <-^k,+ 
for A; > 0. 

Clearly, if <^fc'+ = <^fc'+ n(Xfc)^ then the relation <^0'"'" is linear, the relations 
^ for k > 0, satisfy pencil linearity, i.e. X is a positive face structure. 

Now we assume that the subhypergraph X of positive face structure T is a 
positive face structure. We shall show that for k £ 00, a,b E X^ we have a <^k,+ 
iff a <^fc'+ b. Since X is a subhypergraph a <^'''~^ b implies a <^k,+ 5 Thus 
it is enough to show that if a <i'^*"~^ b then a 5_ "\Ye shall prove this by 

induction on k. For = it is obvious, since <"''-0'"'" is linear. So assume that for 
faces x,y e Xi, with I < k we already know that x <^''+ y iff a; <^''+ y. Fix 
a,b e Tk such that a <^fc'+ b. Then by Lemma 5.9.2 7(a) <^k-i,+ ^(j,) ^^d hence 
by inductive hypothesis 7(a) <^k-i,+ ^(6). Thus we have an upper X-path a = 
ar,"f{a), Or-i . . . , ai, 7(6), with r > 1. As o <^'='"'" b, by Path Lemma <^fe'+ b for 
i = I, . . . ,r. Again by induction on r we shall show that <^k,+ 6, for i = 1, . . . , r. 
As 7(01) = 7(6) by pencil linearity we have ai ±-^k,+ 5. go ai <^k,+ 5. Suppose that 
tti <^fe'"'" b, for i < I < r. Let a/, cts, .... ai, 5 be an upper T-path. As a/+i <^'='"'" b, 
we cannot have 7(0^+1) G 5(5). Therefore, for some j > 1, 7(o;_|_i) G i'{aj). So by 
Lemma 5.5, a;+i <^t''~^ liotj) <^'"~^ b, as required. □ 

Lemma 5.18 Let T be a positive face structure, a,b,a E T. If a E S{a) and 
a<+ b<+ 7(a) then b G i(T). 

Proof. Assume that a,b,a £T are as in the assumption of the Lemma. Thus we 
have an upper path a, ao, . . . , a^, b. As a G 6{a) D 5(ao), by pencil linearity wc have 
a -L"*" ao- If a <"•" ao <~ a^ then 7(a) 7(ctr) = b contradicting our assumption. 
Thus ao a. Then by Path Lemma, since b = j{ar) 7(0:), we have a^ a 
and b G t{T), as required. □ 

Some equations 

Proposition 5.19 Let S be a positive face structure < k E lo. Then 
1. i{Sk+i) = L{Sk+i - S{Sk+2)); 



2. 6{Sk) = 6iSk-j{Sk+i)); 



3. ^{Sk)=i{Sk-i{Sk+i)); 



4. S{Sk) = 6{Sk - i{Sk+2)); 

5. 6{Sk) = 6{Sk-8{Sk+i))\Ji{Sk+i). 

Proof. In all the above equations the inclusion D is obvious. So in each case we 
need to check the inclusion C only. 

Ad 1. Let s G i{Sk+i), i.e. there is a G Sfe+i such that s G i{a). By strictness, 
there is 6 G S^+i such that a <+ h and h ^ 5(S'jfc+i). By Lemma 5.3, we have 

s G i{a) C i{b) C L{Sk+i - S{Sk+2)) 

as required. 

Ad 2. Let X G (^(^fc). Let a G 5"^ be the <+-minimal element in Sk such that 
X G 5{a). We shall show that a e Sj- — 7(-S'fe_|_i). Suppose contrary that there is an 
a G Sk+i such that a = 7(0;). The by globularity 

X G (5(a) = 57(0) = dS{a) — jS{a). 

So there is 6 G 6{a) such that x G (5(6). As 6 <+ a this contradicts the minimality 
of a. 

Ad 3. This is similar to the previous one but simpler. 

Ad 4. Since t{Sk+2) ^ 7(5*^+1) 4. follows from 2. 

Ad 5. Let X G S{Sk)- Let a G S'fe be the <^-maximal element in Sk such that 
X G (5(a). If a (5(5fc_|_i) then x G (5(5^ — 6{Sk+i)) as required. So assume that 
a G (5(5^+1), i.e. there is a; G Sk+i such that a G (5(q;). Thus a; G (5(5(a). As 
a <+ ^{a), by choice of a we have x ^7(0;) (= SS{a) — 7(5(a)). So x G 'yd{a) and 
hence a; G t(a) C i(S'fe_|-i), as required. □ 

6 The cj-categories generated by the positive face struc- 
tures 

Let T* (T*) be the set of all face substructures of the face structure T (of dimension 
at most n). We introduce operations 

of the n-th domain and the n-th codomain. For S in (T*)>„ the faces n-th domain 
d(")5 are: 

1. (d(")5)fc = 0, for k>n, 

2. (dW-S)„ = -S„-7(5„+i), 

3. (d('^)5)fe = Sk, for A; < n. 
and faces n-th codomain c^'^^S are: 

1. (cW5)fc = 0, for /On, 

2. (cH-S)„ = 5„-(5(5„+i), 

3. (cH5)„_i = Sn-i - t{Sn+l), 

4. (c(")5)fe = Sk, for A; < n - 1. 



If keuj, dim{S) = A; + 1, we write dS for d('=)(S), and cS for c('=)(5). 
We have 

Lemma 6.1 Let S he a positive face structure. Then 

1. if dim{S) > k then d^'^^S), c^^'^S) are positive face structures of dimension 
k; 

2. ifdim{S) > k then dd^''+^\S) = dW(5) , dd('=+i)(S) = d^''\S); 

3. if dim{S) > 1 then ddS = dcS, cdS = ccS. 

4- For any k ^ to and a S^, the least sub-hypergraph of S containing the face a 
is again a positive face structure of dimension k; it is denoted by [a] . Moreover, 
if k > 0, then 

c[a] = [7(a)], d[a] = [S{a)] 
where [5(a)] is the least sub-hypergraph of S containing the set of face S{a). 

Proof Ad 1. Clearly, d^^^^S is a sub-hypergraph S and c^^^S* is a sub-hypergraph 
S by Corollary 5.6. Any sub-hypergraph T of a positive face structure S satisfies 
the conditions of globularity, strictness (possibly without <^0'+ being linear), and 
disjointness. 

By Lemma 5.4, for a, 6 € d^^'^Si we have a <'^''+ 6 iff a <'^''''''^''+ 5. Moreover, by 
Lemma 5.8, for a,b E c^'^^Si we have a <'^''+ 6 iff a <c'''''S'(>+ Hence by Lemma 
5.17 both d^'^^S and c^'^^S are positive face structures. 

Ad 2. Fix a positive face structure S and k E to such that dim{S) > k. Then 
the faces of c('=+^)(S'), cc^'^+i) (5), and c^''\S) arc as in the table 



dim. 


c('=+i)(5) 


cc(*^+i)(5) 


c('=)(5) 


k + 1 


Sk+l — 5iSk+2) 








k 


Sk — t{Sk+2) 


[Sk - L{Sk+2)) - S{Sk+l - S{Sk+2)) 


Sk - ^iSk+i) 


k-1 


Sk-1 


Sk-1 - i'iSk+i — S{Sk+2)) 


Sk-1 — t.{Sk+i) 


I 


Si 


Si 


Si 



where l<k-l. Moreover the faces of d(*^+i)(S), dd(*^+^(5), and d^^^S) are as m 
the table 



dim 


d('=+i)(5) 


dd(*^+l)(s) 


dW(5) 


k + 1 


Sk+l - l{Sk+2) 








k 


Sk 


Sk-l{Sk+i -j{Sk+2)) 


Sk - liSk+i) 


I 


Si 


Si 


Si 



where / < k. Thus the equalities in question all follow from Lemma 5.19. 

Ad 3. Let dim{S) = n> 1. Note that both (dd5)„_2 and (dcS')„_2 are the sets 
of all <+-minimal elements in Sn-2, i-e. they are equal and the equation ddS = dcS 
holds. 

To see that cdS* = ccS" holds, note first that both (cdiS')„_2 and (cc>S')„_2 are 
the sets of all < "''-maximal elements in Sn-2- Moreover 

{cdS)n-3 = Sn-3 - ^iSn-l - 7(>5„)), 
(CCS')„_3 = Sn-3 - '-(S'n-l - S{Sn))- 

Now the equality cdS = ccS follows from the following equalities 

L{Sn-l - liSn)) = I'iSn-l) = (-{Sn-l - ^{Sn))- 



Both equalities follow from Lemma 5.3. We shall show the first equality only. 

Suppose contrary, that there is x G such that x i(S'n-i — jiSn))- Let 

a G S'n-i be a <+-minimal face such that x G Since x ^ — 7(<S'„)), there 

is a E Sn such that a = j{a). By Lemma 5.3 we have 

td{a) = L'y^a) = i(a). 

Therefore, there is a' G 6{a) such that x G L{a'). Clearly a' <]+ a, and hence a is not 
<+-minimal contrary to the supposition. This ends the proof of the first equality 
above. 

Ad 4. Fix a e Sk- We need to show that [a] is a positive face structure. The 
globularity, strictness (except for linearity of <["lo,+^^ a,nd disjointness are clear. 

The Unearity of <["]o'+. If < 2 it is obvious. Put a = 'y^''~^'^\a) . Using 
Corollary 4.3, we have 

= ^W(a)U7W(a) = 

= (55(7("-2)(a)) U 77(7(""^Ha)) = 5S{a) U 77(a) 

Thus it is enough to assume that k = 2. But in this case, as we mentioned, the 
linearity of <["lo'+ is obvious. 

The 7-linearity of [a]. The proof proceeds by induction on A; = dim{a). For 
k < 2, the 7-linearity is obvious. So assume that k > 2 and that foi I < k and 
a G Si. 

First we shall show that c{[a]) = [7(a)]. We have 

c(H)fc-i = (7(0) U 6{a)) - 6{a) = 7(a) = ['y{a)]k-i 

c{[a])k-2 = (77(a) U 6d{a)) - i{a.) = 6^{a) U 77(a) = [7(a)]fe-2 
and for Z < A; — 2 

c{[a\)i = 7(')(a) U 5^^^\a)) = ^^^\a) U 6^^h{a) = 

Note that the definition of c{H) make sense for any positive hypergraph H and in 
the above argument we haven't use the fact (which we don't know yet) that [a] is a 
positive face structure. 

Thus, for Z < k — 2, [a]i = [7(0;)]/. By induction, [7(a)] is a positive face 
structure, and hence [a]i is 7-linear I < k — 2. Clearly [a\i is7-linear, for I = k — l,k. 
Thus it remains to show the 7-linearity of k — 2-cells in [a]. 

Fix t G [a]fe_3, and let 

Ft = {x G [a]k-2 ■■ 7{x) = t}. 

We need to show that F^ is linearly ordered by <^. Wc can assume that t G 
7([a]„_2) = 'y66{a) = 757(a) (otherwise F^ = is clearly linearly ordered by <"*"). 
By Proposition 5.1 there is a unique xt G 6'y{a) such that 7(^4) = t. From Lemma 
5.2.2 we get easily the following Claim. 

Claim 1. For every x G F^ there is a unique upper 5(a)-path from xt to x. 

Now fix X, x' G Fj. By the Claim 1, we have the unique upper (5(a)-path 

xt,aQ, ...,ai,x, Xt,aQ, . . .,a'i,x'. 

Suppose I < I'. By Proposition 5.1, for i < I, ai = a[. Hence either 1 = 1' and x = x' 
OT I < I' and 

x,ai+i, . . .,ai',x' 



is a (5(a)-upper path. Hence either x = x' or x -L"*" x' and [a]fc_2 satisfy the 7- 
hnearity, as required. 

The proof is of the (5-linearity of [a] is very similar to the one above. For the 
same reasons the only non-trivial thing to check is the condition for {k — 2)-faces. 
We pick t G SS{a) and consider the set 

At = {x G [a]fc_2 : t G S{x)}. 

Then we have a unique yt G 6'y{a) such that t G S{yt). From Lemma 5.2.3 we get 
the following Claim. 

Claim 2. For every y e At there is a unique upper S{a)-path from yt to y. 

The (5-linearity of the (k — 2)-faces in [a] can be proven from Claim 2 similarly 
as the 7-linearity from Claim 1. 

It remains to verify the equalities 

c[a] = [7(a)], d[a] = [6{a)]. 

The first one we already checked on the way. To see that the second equality also 
hold we calculate 

d[Q;]jfc_i = (7(0;) U S{a)) - 7(a) = S{a) = [S{a)]k-i 

d[a]k-2 = (77(a) U 66{a)) = jS{a) U 6d{a) = [S{a)]k-2 
and ioT I < k — 2 

d[a]i = 7W(a) U(5W(a)) = 7^(5(0) U (5^ (a) = [S{a)]i 

So the second equality holds as well. □ 

Lemma 6.2 Let S and T be positive face structures such that c^'^^S C d^'^^T. Then 
the pushout S+kT in Fs"*"/^ of S and T over c^^^S exists. Moreover, ifc^'^^S = SnT 
then the diagram of inclusions in Fs^^^ 

S ^SUT 



c(fe)5 

is the pushout. 

Proof Assume that c^'^S' = 5 n T C d^'^^T. Let S" U T be the obvious sum of S 
and T as positive hypergraphs. The fact that S'UT is a pushout in Hg+^ is obvious. 
Thus the only thing we need to verify that 5 U T is a positive face structure. 

First we write in details the condition c^'^^S' = S CiT C d^'^^T: 

1. SinTi = 9,{oT l> k, 

2. Sk-6{Sk+i)<ZTk-j{Tk+i), 

3. Sk-i — t{Sk+i) C Tk-i, 



4. Si C Ti, iorl<k-l. 



Now we describe the orders in SUT: 



< 



{SUT)i 



^Si,+ _^ ^Ti,+ fQj, I ^ 

<^"+ +(S,-5(S,+i)) <^"^ for I = k, 

<^"+ +(5,_i-.(5,+,)) <'^"+ fori = fc-l, 

<^''+ for / <= fc - 1. 



We shall comment on these formulas. For I > k the formulas say that the order <+ 
in {S UT)i is the disjoint sum of the orders in Si and T;. This is obvious. 

For Z < A; — 1 the order <+ in {SnT)i is just the order <'^''+. The only case that 
requires an explanation is I = k — 2. So suppose that a,b E T}.^2 and a <('S'ur)fc_2,+ ^ 
So we have an upper path 

a,ai, . . .,am-,h 

such that ai € (S* U T)k-i = L{Sk+i) U T^-i- By Lemma 5.4, we can assume that 
if Ui £ Sk-i then l{Sk). But then ctj ^ So in fact G as 

required. 

The most involved arc the formulas for <^(^'^'^)i'+ for I = k and I = k — 1. In both 
cases the comparison in 5 U T involves orders both from S and T. In the former 
case we have that, for a,b e {S U T)^, we have 

a <(^UT)„+ ^ .g 

either a,b €Tk and a <'^'='+ 6, 

or a, 6 € Sk and a <'S'fe.+ 

or a G 6{Sk+i), b e Tj, and 3„,g5^_5(s^_^^)a <'^'='+ a' and a' <'^*='+ b. 

The orders <'^'='+ and <'^'='+ arc glued together along the set Sk — S{Sk^i) which is 
the set of <'^'= '"'"-maximal elements in S^ and at the same time it is contained in the 
set of <-^'= '"'"-minimal elements Tfc — ^{Tk+i). This is obvious when we realize that 
5(5fc+i)n7(Tfc+i) =0. 

In the later case we have for x,y ^ {S LiT)k-i we have 

X <(5ur)fc_i,+ y .ff 

either x,y e Sk-i and x <^k-i,+ 

OT x,y € Tk-i and x <^'=-i'+ y, 

or x G i{Sk+i), y G Tk and %'eSk-i-t{Sk+i)^ <^'"^ ^' x' <'^'"+ y, 

^ or X G Tfc, y G i{Sk+i) and 3^'^Sk-i-i.{Sk+i)^ <'^'"^ ^' and x' <^'"+ y. 

The order <'5'fc-i.+ is 'plugged into' the order <^'=-i'+ along the set S^ — ^(S'fc+i). 

To show that these formulas hold true we argue by cases. Assume that x,y & 
{S U T)k_i and that x <:(^^'^)k-i>+ y i.e. there is an upper path 

X,ai, . . . , (Imi y 

with Qi e {S Li T)k, for i = 1, . . . , m. 

First suppose that x, y G 5^-1 and that the set {ai}i 2 S^- Let Ojy, ajg+i, . . . , a-jj 
be a maximal subsequence of consecutive elements of the path ai, . . . , Um such that 
{O'i}io<i<ii Q T^. Thus it is an upper path in from 5 to y = 7(aii), where 

if io = 1, 
_i) otherwise. 

Note that from maximality of the path ai„, . . . , follows that both x, y G Sk-i — 
L{Sk-\-i)- As we have x <^fc-i'+ y from Corollary 5.11 we have x JL'^''~ y, for all 




I < k-l. Clearly Thus x Z"^' " y, for alU < A; - 1, as well. But then 

again by Corollary 5.11 we have that x J_^k-i,+ y jf were to have y <^^k-i,+ x 
then, asx,y € — /-(Sfc+i), we would have y <'^k-i,+ x. But this would contradict 
the strictness of <^fc-i'+. So we must have x <^k-i,+ y_ in this way we can replace 
the upper path ai, . . . , am in (-5 U r)^ from x to y by an upper path from a; to y in 

Next, suppose that x,y G T^-i and that the set {oj}j ^ T^. Let ajg, Oig+i, . . . , a^^ 
be a maximal subsequence of consecutive elements of the path ai , . . . , such that 
{O'i}io<i<ii Q Sk- Thus it is an upper path in Sk from x to y = 7(aj^), where 




X if «o = 1) 

7(ai(,_i) otherwise. 



Note that from maximality of the sequence aiQ,...,ai-^ follows that both x,y E 
Sk^i — t(S'jfc+i) C T^^i- Thus by Lemma 5.8 there is an upper path from x to y 
in Sk-i — S{Sk) C Tfc.i. In this way wc can replace the upper path ai, . . . ,am in 
{S U T)k from a; to y by an upper path from x to y in T^. 

Thus we have justified the first two cases of the above formula. The following 
two cases are easy consequences these two. This end the description of the orders 
in S U T. 

Prom these descriptions follows immediately that <('^'-'T),+ -g g^j-j^t for all /. It 
remains to show the pencil linearity. Both 7- and (5-linearity of l-cells, for I < k — 1 
OT I > k, are obvious. 

To see the 7-linearity of /c-cells assume a £ and b G T^., such that 7(a) = 
7(6). Let a € Sk be the <'^'='+-maximal A;-cells, such that 7(a) = 7(a). Then 
a € c('=)(S')fe C d('')(r)fc. So a G Tfc is <^fe'+-minimal /c-cells, such that 7(a) = 7(6). 
Thus 

a <'^'='+ a <^'='+ b. 

Thus the 7-linearity of A;-cells holds. The proof of (5-linearity of A;-cells is similar. 

Finally, we need to establish the 7- and 5- linearity of (k — l)-cells in S" U T. 

In order to prove the 7-linearity, let x G L{Sk+i) and y G T^-i such that 7(0;) = 
7(y). We need to show that x ±(^^'^)k-i>+ y. 

Let ao G Sk+i such that x G i(ao), a G ^(ao) such that x = 7(a) and let 
ao,...,ai be a lower path in S^+i such that 7(0;/) G T^. Since x G i{ao), then 
X G 7(5(ao) and, by Lemma 4.2 

7(x) G 77(5(q;o) ^ '-7(00). 

As 7(ao) <"*" 7(0;;)! by Lemma 5.3, we have 7(0:;) G i7(a;) U 777(0^). Thus we have 
two cases: 

1. 7(0;) G niai), 

2. 7(x) = 777(aO- 
Case 1: 7(x) G i7(Qi). 

By Lemma 5.2.2, there is a unique z G (^7(0;) such that 7(2;) = 7(x) and z x. 
As j{ai) G Tjfc, so 2; G T^.i. If y <^fc-i'+ 2; then indeed y <('S''-^^)fc-i'+ as required. 
By 7-linearity in T^-i, it is enough to show that it is impossible to have z <'^fc-i'+ y. 

Suppose contrary, that there is an upper path z,bQ, . . . , b,.,y in T. Since 7(0/) is 
< "'"-minimal in T (as ai G S) and z & d'y{ai) H 6{bo), by 5-linearity in we have 
7(0;/) bo- By Lemma 5.3, we have 

7(x) G niai) C i{bo) C i{br) 



But 7(&r) = y so 77(6r) = 7(2/) = 7(33)- In particular 7(2;) ^ t(?'r-) f'^d we get a 
contradiction. 

Case 2: 7(x) = 777(0;;). 

By Lemma 5.2.2 there is z E S^{ai) such that j{x) = 'y{z){= 777(0;/)), so that 
we have 

As 7(0;) € Tk and it is <"'"-minimal in T^, by Proposition 5.16, there is no face 
y G T^-i so that 

So if y G Tfe-i and 7(7/) = 7(x) then either 

y <Tfe-i,+ 2; a; or a; <'^fe-i'+ 77(0/) <'^fe-i'+ y. 

In either case x ±iS^'^)k-i,+ ^s required. This ends the proof of 7-hnearity of 
{k - l)-faces in (SUT). 

Finally, we prove the 5-linearity of {k — l)-faces in 5 U T. Let x G i{Sk+i) and 
y € Tfc-i, t € Tk-2 such that t G S{x) n 5(y). We need to show that x _L(5'uT)fc_i,+ y 

Let a G /S^+i such that x G /-(oq); o G S{ao) such that x = 7(a), and let 
OO) . . . , oz be a lower path in Sk+i such that 7(0^) G T^. As x G t{ao), using Lemma 
4.2 we have 

t G (5(x) C S^5{ao) C (^77(00) U i7(ao)- 
As 7(00) <"*" 7(0/)) by Lemma 5.3, we have two cases: 

1. t G n{ai), 

2. t G (577(az). 
Case 1: t e tjiai). 

By Lemma 5.2.3, there is a unique z G ^7(0/) such that t G 5(2:) and ^; <"'" x. 
As 7(0;/) G Tfc, so z G Tfe„i. If y <^fc-i'+ z then indeed y <('5'ur)fc_i,+ g^g squired. 
By (5-linearity in T^, it is enough to show that it is impossible to have z <'^'=-i'+ y. 

Suppose contrary, that there is an upper path in T 

z,bo, ...,br,y. 

Since 7(0;/) is <+-minimal in and z G ^7(0/) Ci S{bo), by (5-linearity of /c-faces in 
T we have 7(0/) <"'" 60. By Lemma 5.3, we have 

t G tjiai) C i(6o) ^ ■ ■ ■ C t{br). 

But 7(6^) = y, so t G 5(y) C (57(6,.). In particular t ^ i{br) and wc get a contradic- 
tion. 

Case 2: t G 5jj{ai). 

By Lemma 5.2.3 there is 2; G ^77(0/) such that t G 6{z) and we have 

As 7(0^) G Tk, and it is <"'"-minimal face in T^, by Lemma 5.16, there is no face 
y G such that 

So if y G Tk-i and t G 5{y) then either 

y <7^fc-i,+ 2 <Sfc-i,+ X or X <'^fc-i'+ 77(0^) <'^*=-i'+ y. 



In either 

j_{SuT)k-i,+ as required. This ends the proof of 5-Hnearity of 
{k — l)-faces in (5" U T) and the whole proof that U T is a positive face structure. 
□ 

Let S and T be positive face structures such that c^'^^S = d^'^^T. Then the 
pushout 

S S+kT 



is called special pushouts 

Now we shall describe an w-category S* generated by the face structure S. 

The set S* of n-cell of S* is the set of all positive face sub-structures of S of 
dimension at most n, for n E lo. The domain and codomain operations in S* are 
restricted operations 

of the A;-th domain and the A;-th codomain, for k < n. The identity operation 
is an inclusion and the composition map 

mn,fe,n ■ S*Xs*S* > S* 

is the sum, i.e. if X, Y are sub-face structures of S of dimension at most n such 
that c('=)X = d('=)F then 

nir,,k,n{X,Y) = X+kY = XUY. 

Corollary 6.3 Let S be a weak positive face structure. Then S* is an co-category. 
In fact, we have a functor 

(-)* : Fs+/^ — > LoCat 

Proof. The fact that the operation on S* defined above satisfy the laws of 
a;-category is obvious. The image f{X) of a sub-face structure X of a positive 
face structure S under a morphism / : S* — > T is a sub-face structure of T. The 
association X i— > f{X) is easily seen to be an 6<j-functor. □ 

Let 5 be a positive face structure. We have a functor 

: pFs+/^ IS — > Fs+/i 

such that 

■.B^S) = B 

and a cocone 

(7^ : — > S 

such that 

off:B^S) = f ■■ ^Hf ■.B^S)=B^S 

We have 

Lemma 6.4 The cocone a : S*^ — > S is a colimiting cocone in Fs+/^ Such col- 
imiting cones are called special colimits. Any special limit in Ys^^^ can he obtained 

via some special pushouts and vice versa any special pushout can be obtained from 
special limits. In particular, a functor from Fs"*"/^ preserves special limits if and 
only if it preserves special pushouts. □ 



7 Normal positive face structures 



Let 5" be a A;-normal positive face structure S. By we denote the unique element 

of the set Si — 6{Si^i), for I < k. Moreover, as wc shall show below Pk~i G 7iSk) 
and hence the set {x & ■ 7(x) = Pfc_i} is not empty. We denote by the 
<"'"-maximal element of this set. We shall omit the superscript S if it does not lead 
to a confusion. 

Lemma 7.1 Let S be a (k—l) -principal positive face structure of dimension at least 
k, k>0. Then 

1. Si = U7«(5fe) = 5^\Sk) U ivi], forl< k. 

2. S{Si+i) = d(^\Sk), forKk. 

3. Pk is <" -largest element in S^ — (5(S'jfc+i). 
4- liVl) = Vl-i, forO <l <k. 

5. 5{pi) = 5{Si)-^{Si),forQ<l<k. 

6. Si = S('\pk-i) U 7^'\pk-i), forl<k-2. 

Proof. Ad 1. If i7 is a hypergraph of dimension greater than I and 7(///+i) C 
5{Hi^i) then there is an infinite lower path in i.e. <^''+ is not strict. Thus, 

if is a positive face structure of dimension greater than I, we have 6{Si^i) ^Si. A 
positive face structure is normal iff this difference 

Si - SiSi+i) 

is minimal possible (i.e. one-element set), for I < k. Thus, by the above, we must 
have 

Si = d{Si+i)uj{Si+i) (1) 

The first equation of the statement 1. we shall show by the downward induction on 
I. Suppose that we have Si^i = d^'-^Sk) U 'y^'-\Sk) (for I = k — 2 it is true by the 
above). Then 

Si = S('HSk)U^^^\Sk) = 

= s{s^'+'HSk)uj^'+'\Sk))ujis^'+'HSk)uj<^'+'HSk)) = 
= ss^-'+'HSk) u 6j^'+'\Sk) u js^'+'HSk) u W+'HSk) = 
= 5('\Sk) u sj^'HSk) u js'^'HSk) u j'^'\Sk) = 
= 6('HSk)uj^'Hs,) 

where the last equation follows from Corollary 4.3. 

The second equation of 1. is obvious for i = A; — 1. So assume that / < k — l. 
We have 

{pi} = Si-S{Si+^) = 
= Si-S{S^'+'\Sk)Uj^'+'\Sk)) = 
= Si-{S^'\Sk)USj^'+'HSk)) = 
Si-S(^\Sk). 

Thus 

Si = 6^'HSk)U{pi} 



as required. 

Ad 2. Let I < k Then using 1. we have 

Hence 

Ad 3. First we shah show that G -Sfc — Suppose contrary, that 

there is a G Sk+i such that pk G (5(a). Then 7(pfc) G ^S{a) = 77(a) U i{a). If 
7(PA;) = 77(«) then <"*" 7(a) i.e. 7(a) is <"'"-smaUer element than such that 
7(7(0)) = Pfc-i. This contradicts the choice of Pk- If 7(pfc) = /-(a) then there 
is a G 5{a) such that 7(pjk) G S{a). But this means that p^-i = 7(pa;) G S{Sk) 
contradicting the choice of Pk-i G Sk-i — S{Sk)- This shows that p^ G Sk — S{Sk-\-i)- 

We need to prove that any maximal lower (S^ — 5(S'fc_|_i))-path ends at p^. By 
strictness, it is enough to show that ii x E Sk — S{Sk+i) and x / pfc then there 
is x' e Sk — S{Sk+i) such that 7(x) G 5{x'). So fix a; G S'fc — S{Sk+i). If we 
were to have 7(2;) G t(/3) for some /3 G Sk+i, then by Lemma 5.5 wc would have 
X jiP)- In particular, x G 5{Sk+i), contrary to the assumption. Therefore 
7(0;) G Sk-i - i.{Sk+i). As x,pk & Sk - S{Sk+i), by 7-linearity we have 7(x) 7^ 
7(PA;) = Pfe-1- Hence by 1. the set 

\{x) = {y & Sk-. j{x) G 5{y)} 

is not empty. Let x' be the <"''-maximal clement of this set. It remains to show 
that x' 5{Sk+i)- Suppose contrary, that there is a G Sk+i such that x' G d{a). 
As 7(x) i{Sk+i) and 7(x) G (5(x') so 7(x) ^ <-(a) and 7(x) 7^ 77(a)- Thus 
7(.t) G (57(a). But this means that x' 7(0;) and 7(a) G A^(j.). This contradicts 
the choice of x' . This ends the proof of 3. 

Ad 4. 7(pfe) = Pfc-i by definition. Fix < I < k. As Si = (5(5/+i) U {p;}, 
Pl is <~'"-greatest element in Si. Assume that 7(p/) 7^ Pi-i- Thus 7(p;) <"'" p^-i- 
Let X G Si. Then x < pi and, by Lemma 5.9, j{x) 7(pz) <"'' Pi-i- Thus 
Pi-i 7(5';). So ^f{Si) C (5(5"/). But this is impossible in a positive face structure as 
we noticed in the proof of 1. This ends 4. 

Ad 5. Fix I < k. First we shall show that 

S{pi)nj{Si) = (D (2) 

Let z G 7(5;), i.e. there is a G S*; such that 7(a) = z. By 1. a <^ pi. By Lemma 
5.7, there are x G S{pi) and y G 6{a) such that x <+ y. Hence x <+ 7(a) = z. By 
Proposition 5.1, since x G (5(p;) it follows that z S{pi). This shows (2). 
By Lemma 5.19, we have 

6{Si) = 6{Si-6iSi+,))Ui{Si+^) (3) 

Since S{pi) = S{Si - S{Si+i)) and l{Si+i) C j{Si) we have by (2) 

S{Si - S{Si+i)) n i(SHi) = (4) 

Next we shall show that 

i{Si+i) = j{Si) n 5iSi) (5) 

The inclusion C is obvious. Let x G 7(5*;) n 6{Si). Hence there are a,b e Si such 
that 7(a) = X G S{b). We can assume that a is <+-maximal with this property. As 

a <~ b, neither a nor b is equal to the <'''-greatest element p/ G S;. Therefore there 
is a G Si^i such that a G 6{a). If we were to have x = 7(a) = 77(a) then 7(a) 



would be a <"'"-greatcr clement than a with 7(7(0)) = x. So 7(a) 7^ 77(a). Clearly, 
X G 7(5(a). By globularity, x £ (5(5(a), as well. Thus x € i{a), and (5) is shown. 
Using (2), (3), (4), and (5) we have 

d{pi) = d{Si - 6iSi+,)) = 

= S{Si) - 6(5i+i) = 

= s{Si) - {j{Si) n SiSi)) = 

= 6{Si)-j{Si) 

as required. 

Ad 6. By 1. and 2. it is enough to show 

^«(5fe_i) = 5«(p,_i), 

for I < k — 2. The inclusion I) is obvious. 

Pick X G Sk-i We have an upper path x,ai, . . . ,ar, Pk-i- By Corollary 4.3, as 
7(0^) G (5(oj+i), we have 

5«(a,) = (5«7(a^) C 5W(5(ai+i)) = 5«(a,+i) 

for i = 0, . . . , r — 1. Then, by transitivity of C and again Corollary 4.3 we get 

6^'\x) C <5«(ai) C 5«(a,) C 5«(7(a,)) = (^«(pfe_i). 

This ends the proof of the inclusion C and 6. □ 

Lemma 7.2 Let S be a positive face structure of dimension at least k. Then 

1. S is {k — l)-principal iff d('^)(6') is normal iff c^^~^\S) is principal, 

2. if S is normal, so is d(S'), 

3. if S is principal, so is c{S). 

Proof The whole Lemma is an easy consequence of Lemma 5.19. We shall show 
1. leaving 2. and 3. for the reader. 

First note that all three conditions in 1. imply that, \Si—6{Si^i\ = 1 for I < k—2. 
In addition to this they say: 

1. 5 is (A; - l)-principal iff \Si - 6{Si+i)\ = 1 ioi I = k - 2,k - 1. 

2. d('=)(S') is normal iff 

(a) \Sk-i - S{Sk - 7(S'fc+i))| = 1, and 

(b) \Sk-2 - S{Sk^i)\ = 1. 

3. c^''~^\S) is principal iff 

(a) \{Sk-i - L{Sk+i)) - S{Sk - S{Sk+i))\ = 1, and 

(b) \Sk-2-5{Sk-i-t{Sk+i))\ = l. 



So the equivalence of these conditions fohows directly from Lemma 5.19. □ 

Let A'^ be a n-normal positive face structure. We define a (n + l)-hypergraph N', 
that contains two additional faces: p^+i of dimension n + 1, and p^* of dimension 
n. We shall drop superscripts if it does not lead to confusions. We also put 

<^(Pn+l) = Nn, 7(Pn+l) = Pn, 

5{pn) = S{Nn) - 7(iV„), 7(p„) = p„_i(= 7(Ar„) - 5(iV„)). 

As N is normal the 7(iV„) — 5{Nn) has one element so 7(pra) is well defined. This 
determines N' uniquely. N* is called a simple extension of N. 
Example. For a normal positive face striicture like this 

Jl 




Proposition 7.3 Let N be a normal positive face structure of dimension n. Then 

1. N' is a principal positive face structure of dimension n + 1. 

2. We have d{N*) ^ N, c{N*) ^ (dAT)*. 

3. If N is a principal, then N = {dN)* . 

4- If T is a positive sub-face structure of N' then either T = N* or T = c{N*) 
orTCN. 

Proof. Ad 1. We shall check globularity of the new added cells. The other 
conditions are simple. 
For Pn+i, we have: 

77(Pn+l) = 7(Pn) = 
= 7(Ar„) - S{Nn) = lS{pn+l) - SS{pn+l) 

and 

Sj{pn+l) = S{pn) = 

= 5{Nn) - 7(Ar„) = 66{pn+i) - 7^(Pn+l)- 

So globularity holds for p„+i. 

For Pn, using Lemmas 7.1, 5.19 and normality of A^, we have: 

77(Pn) = 7(Pn-l) = Pn-2 = 

= liNn-l) - 5{Nn.i) = 
= 7{Nn^l - 7(iVn)) - S{Nn-l - 7(A^n)) = 
= j{d{Nn) - 7(iV„)) - d{d{Nn) - 7(iVn)) = 



= 7^(Pn) - SS{Pn) 



and similarly 

<^7(Pn) = <^(Pn-l) = 
= d{Nn) - 7(iV„) = 
= S{S{Nn) - j{Nn)) - 7(5(iV„) - 7(Ar„)) = 

So globularity for p„ holds, as well. 

Ad 2. The first isomorphism is obvious. 

The faces of (iV), c(A^'), dA^, and (diV)' are as in the tables 



and 





dim 


(N') 


c(iV) 






n + 


1 


{P^Vll 









n 


iVnU{p;r} 


{pn 






n — 


1 


Nn-1 


Nn-1 


- (7(iv„) n 5(iv„)) 






n — 


2 


Nn-2 




iVn-2 




dim 




dN 




(dA^)' 




n + 1 








n 





{P^O 


n 


- 1 


Nn-1 - l{Nn) 




-7(iVn))U{pr/ 


} 


n 


-2 


Nn-2 





We define the isomorphism / : c(A^*) 



(dN)' as follows 



Jn[Pn+l) — Pn+1 ' 



fn-l{x) 



„(diV)* 

Pn-1 



if a; = 7(pD' 
otherwise. 



and /; = liV; for Z < n — 1. Clearly, all /j's are bijective. The preservation of the 
domains and codomains is left for the reader. 

3. is left as an exercise. 

Ad 4. If p„+i € Tn+i then T = N*. If p„ T„ then TQN. 

Suppose that Pn+i Tn+i but p„ G r„. Since AT* = [p„+i], by Lemma 6.1 it is 
enough to show that T = [p„]. Clearly [p„] C T. As [p„]/ = AT;, for Z < n — 1 we 
have [pn]i = Ti, for / < n — 1, as well. 

Fix X G A^n. As X S S{pn+i) and 7(p„+i) = p„, we have x <^*'+ p„. So by 
Corollary 5.11 x ' p„, for any I < n. Thus we cannot have x ±i' p„, for any 
Z < n, as well. As T is a positive face structure, again by Corollary 5.11, x ^ T. 
Since x was an arbitrary element of A^„, we have T„ = {pn} = [Pn]n- 

It remains to show that T„_i = [pn]n-i- Suppose that x € Nn-i — (<J(Pn) U 
7(p„)). Then x <^^+ 7(Pn) and hence x ' 7(Pn)) for I < n. So x and 7(pn) 



cannot be comparable, for I < n. Since, as we have shown, Nn fl T„ = 0, it 

follows that X and 7(Pn) cannot be <^''^ comparable. So by Lemma 5.11, x 

i.e. Tn-l = 5{pn) U 7(pn) = [Pn]n-1- ° 



8 Decomposition of positive face structures 



Let r be a positive face structure, X C T a subhypergraph oi T, k G lo, a E 
{Tf; — L{Tk^2))- We define two subhypergraphs of T, X^°- and XT", as follows: 



X 



la 



{a e Xi -.^ 



a 



<+ a} 



{6 e Xfc : 6 <+ a or 6 ^ 7(^fe+i)} 
Xi 



for I > k, 
for I = k 
for I < k. 



Ta _ J {beXk-.b^^ 

Xi 



a) ^+ a} 
a or 6 ^ 5{Xk+i)} 



for / > /c, 
for / = k 
ioi I = k — 1 
for Z < A; - 1. 



Intuitively, if X is a positive face substructure, X^"' is the least positive face sub- 
structure of X that contains faces 'smaller or equal' a and can be fc-pre-composed 
with the 'rest' to get X. X^"- is this 'rest' or in other words it is the largest positive 
face substructure of X that can be fc-post-composed with X'^"' to get X (or largest 
positive face substructure of X that do not contains faces 'smaller' than a). 

Examples. If X is a hypergraph a eT then X^"- is a hypergraph as well. However, 
this is not the case with if a G l{T), as we can see below: 



X: 



a 



a 



Here X = T. The faces in the domain of the 2-dimensional face are not in X^"-, i.e. 
X^"' is not closed under S. 

To see some real decompositions let fix a positive face structure T as follows: 



• » 

Clearly x,y,a,b & T — i(T). Then 

rpla 





and 



• 4 



a ]}. 



■ X ■ 



Moreover with 




we have = Xi and 




i.e. xf^ = dW(Xi). For 

X2 ^ 

• 

we have Xg"^ = X2 and ^2"^ = {y}. 
We have 

Lemma 8.1 Let T be a positive face structure, X C T a subhypergraph ofT,aE: 
{T-l{T)), a e Xk. Then 

1. X-l-" and X'^°' are positive face structures; 

2. cW(Xi") = d^^^X^") = X-L" n X^"; 

3. dW(Xi") = d('=)(X), cW(XTa) = c('=)(X); 

4. X = = UX^«. 

Proof. Ad 1. The verification that both X^" and X^^" are closed under 7 and 5 
is routine. 

For any k, if x.y G X^" then x <+'^ y iff x <+'"'^''^'' y. Similarly, for any fc, if 
x,y G then x <+'^ y iff x <+''^^'' y. Thus by Lemma 5.17 both X^°- and XT» 
positive face structures. 

Ad 2. Let as spell in details both sides of the equation. 

cW(xi") is: 

1. c(*^)(Xi«)i = 0, for / > A;; 

2. c('=)(Xi")fc = 

{{h G Xfc : 6 <+ a} U (X^ - 7(^fc+i))) " € X^+i : 7(a) <+ a}); 

4. c(*^)(Xi«)i = X,, for/<A;-l. 
and dW(XT«) is: 

1. d(*^)(XT«)i = 0, for / > A;; 

2. d(*^)(XT'*)fc = 

{6 G Xfe : 6 ^+ a or 6 <5(X,,+i)} - 7(^^+1 - {q G X^+i : 7(a) <+ a}); 

3. d(^)(XT«),_i=Xfc_i-4X,^^,); 



4. d('=)(XT«)i = Xi, for /< A; - 1. 

Thus to show that c(*^)(Xi«) = d('=)(XT") we need to verify that c^''\X^'')k = 
d('=)(XT")fc. As both sets are contained in X^, we can compare their complements. 
We have 

Xk - c«(Xi«)fe = {be S{Xk+i) :b<+a}U j{Xk+i - {a e Xk+i : j{a) ^+ a}) 
and 

Xk - d('=)(xT-)fc = {b€ 7(^fc+i) -.b^+ajU 6{{a G X^+Mo^) <+ «})• 
But it easy to see that 

{b G S{Xk+i) ■.b<+a} = S{{a e Xk+ij{a) <+ a}) 

and 

-fiXk+i - {a G Xfc+i : 7(a) ^+ a}) = {6 G 7(^fc+i) : b ^+ a}. 

The second equahty uses the fact that a ^ i{T). Thus c('')(X^")fc = d^''\X^'')k, as 
required. 

Ad 3. To see that c^''\X^"') = c^''\X) it is enough to note that L{Xk+i) = 
i{xll^) U 4X^+1). The equation dW(Xi'^) = d('=)(X) is even simpler. 
Ad 4. Obvious. □ 

Corollary 8.2 Let T be a positive face structure, k E u, a E {T^ — i(rfe+2))- Then 
the square 



is a special pushout in Fs^^^ . 

Proof. Follows immediately from Lemmas 6.2 and 8.1. □ 
We need some notions and notations. Let X, T be a positive face structures 
X C r, a G (T - i{T)). The decomposition X = X^"- U is said to be proper 
iff size{X^°-),size{X'^"-) < size{X). If the decomposition X = X^"- U X'^"' is proper 
then a is said to be a saddle face of X. Sd{X) is the set of saddle faces of X; 
Sd{X)k = Sd{X)nXk. 

Lemma 8.3 Let X, S, T be positive face structures, X CT, I E uj. Then 

1. if a E {Ti — l{T)) then a G Sd{X) iff there are a,l3 E Xi^i such that 7(0;) a 
and 7(/3) a; 



2. i/cW(S) = d('=)(r) then 
size{S +k T)i 



size{S)i + size{T)i if I > k, 
size(T)i if I < k; 



3. size{S)k >'i-iffk< dim{S); 

4. if a e Sd{S)k then size{S)k+i > 2; 

5. S is principal iff Sd{S) is empty. 



Proof. We shall show 5. The rest is easy. 

If there is a G Sd{S)k then by 2., 3. and Lemma 8.1 we have that size{S)k+i = 
size{S^"-)h+i + size{S^'^)k+i > 1 + 1 > 1. So in that case S is not principal. 

For the converse, assume that S is not principal. Fix k e u> such, that 
size{S)k+i > 1. Thus there are a,b Sk+i, that a ^ b. Suppose 7(a) G i(a) 
for some a G Sk+2- Then by Lemma 5.5, a <+ 7(a) contrary to the assumption on 
a. Hence a e S — i{S) and for similar reasons b e S — iiS). We have a b and, 
by pencil linearity, 7(a) 7^ j{b)- Then either 7(a) ^+ 7(6) and then 7(6) G Sd{S)k 
or 7(6) ^+ 7(a) and then 7(a) G Sd{S)k- In either case Sd{S) is not empty, as 
required. □ 

Lemma 8.4 Let T, X be positive face structures, X C. T, and a,x G X — l{X), 
k = dim{x) < dim{a) = m. 

1. We have the following equations of positive face structures: 

i.e. 'the decompositions of different dimension commute'. 

2. Ifxe Sd{X) then x G n 

3. Moreover, we have the following equations concerning domains and codomains 

4. Finally, we have the following equations concerning compositions 

j^lxla -^Ixia _ J^lo- j^lx^a j^^xla __ J^T" 

Proof. Simple check. □ 

Lemma 8.5 Let T, X be positive face structures, X C. T, and a,b & X — l{X), 
dim[a) = dim{b) = m. 

1. We have the following equations of positive face structures: 

i.e. 'the decompositions in the same dimension and the same directions com- 
mute '. 

2. Assume a b. Then we have the following farther equations of positive face 
structures: 

Moreover, if a, be Sd{X) then a G Sd{X^'') and b G 

3. Assume a <J' b, for some l<m. Then X^''^'', are positive face struc- 
tures, and 

XJ-" +^ XT«i^ = X^^ +ra X^^^" 

Moreover, if a,b G Sd{X) then either there is k such that I — 1 < k < m and 
7('=)(a) G Sd{X) oraG Sd{X^'') and b G SdiX^"). 



Proof. Simple check. □ 

Lemma 8.6 Let T, X he positive face structures, X CT, dim{X) = n, I < n — \, 
a e Sd{X)i. Then 

1. ae Sd{cX) n Sd{dX); 

2. d(Xi") = (dX)J-"; 

3. diX^") = (dX)T«; 
I c(Xi«) = (cX)i«; 
5. c(XT«) = (cX)T«. 

Proof. The proof is again by a long and simple check. We shall check part of 
5. We should consider separately cases: l = n — 2, l = n — 3, and I < n — 3, but we 
shall check the case I = n — 3 only. The other cases can be also shown by similar, 
but easier, check. 

(cX)T" is: 

1. (cX)}" = 0, for I > n; 

2. {cX)l% = {xe Xn-i : j^^-^\x) ^+ a, S{Xn)}; 

3. (cX)l'^2 = {^^ Xn^2 : 7(x) ^+ a, x^ 

4. {CX)1% = {xe Xn-3 -.X^+aOTX^ 6{Xn-2 - t(^n))}; 

5. {cX)l% = Xn-4 - t{{x e Xn-2 : X ^ j{x) <+ a}); 

6. X/" = Xi, for / < n-4. 
and c(XT'^) is: 

1. c(XT«), = 0, for / > n; 

2. c(XT«)„_i = : 7(^-3) (x) ^+ a} - <5({zGX„ : 7(^-3) (z) ^+ a}); 

3. c(XT'^)„_2 = {a;GX„_2 : 7(^) ^+ a} " '^({^eX, : 7("-3)(z) ^+ a}); 

4. c(XT")„_3 = {x G X„_3 : X ^+ a or X 6{Xn-2)}; 

5. c(XT«)„_4 = X„_4 - L{xi%y, 

6. c(XT«), = X,, for / <n-4. 

We need to verify the equality {cX)j"' = c{X^"-)i for Z = n — 1, . . . , n — 4. 

In dimension n — 1, it is enough to show that if x G and z G Xn so that 

7("~3)(x) ^+ a and x G (5(z) then 7"'~3(z) ^+ a. 

So assume that x G 7("'^)(x) ^+ a, z G such that x G (5(z). Hence 

X <+ 7(z). By Lemma 5.9.5 j^'^'^^x) <+ 7("-3)(z). Therefore 7(^-3) (z) ^+ a 
(otherwise we would have j^'"''^\x) ^+ a), as required. 

In dimension ra — 2, it is enough to show that if x G Xn-2 and z G Xn so that 
X a and x G ^(z) then 7"'~3(z) ^+ a. 

So assume that x G G so that x ^+ a and x G Hence 

X <+ 77(2). By Lemma 5.9.5 7(x) <+ 'j^'^~^\z). Therefore 'j^'^~^\z) ^+ a, as 
required. 

The equality in dimension n — 3 follows immediately from Lemma 5.19.4. 



To show that in dimension n — 4, the above equation also holds we shall show 
that 

iiXt^) C i{{x € X„_2 : X ^ 7(x) <+ a}) 

Note that, by Lemma 5.3.1, if t G and x G Xn-2, y & ^n-ij t G and 

7(x) a and x = 7(y) then there is x' G (5(j/) (i.e. x' x and hence 7(x') a) 
such that t G i(x'). 

Thus, as <"*" is well founded, from the above observation follows that, for any 
t G Xn-i and x G Xn-2 that t G and 7(x) <+ a, there is <+ x such that 
t G t{x") and x" ^ tC-'^)- Then we clearly have that x" ^ l{X) and j{x") a, as 
required. □ 

Lemma 8.7 Let T,Ti,T2 be positive face structures, dim{Ti) , dim{T2) > k, such 
that c('^)(Ti) = d(*^)(r2) and T = Ti+k T2. Then c^^\Ti)k n 7(ri) ^ 0. For any 
a G c(^)(ri)fc n 7(ri) we have a G Sd{T)k and either Ti = T^" and T2 = T^" or 
a G Sd{Ti)k, T^" = and T^" = t/" +k T2. 

Proof. By assumption {Ti)k+i / and {T2)k+i ^ 0. So c('=)(ri) n 7(Ti) / 0. 
Fix a G c('=)(ri) n 7(ri) ^ 0. Then T^^^^ / 0. As T^^^^ n {T2)k+i = we must have 
o G 5d(r)fe. 

Assume that Ti 7^ T^". Then T^" ^Ti. Hence (Ti) - (T^") 7^ 0. But this means 
that a G Sd{T{)k. The verification that the equalities T^" = t/" and T^" = Ti^"+feT2 
hold in this case is left as an exercise. □ 

9 5* is a positive-to-one computad 

Proposition 9.1 Let S be a weak positive face structure. Then S* is a positive-to- 
one computad. 

Proof. The proof is by induction on dimension n of the weak positive face structure 
S. For n = 0, 1 the Proposition is obvious. 

So assume that for any weak positive face structure T of dimension n, T* is a 
positive-to-one computad of dimension n, generated by faces in T. Suppose that S 
is a weak positive face structure of dimension n + 1. We shall show that S* is a 
computad generated by faces in S. Since S'<„ is a weak positive face structure, by 
inductive assumption is the computad generated by faces in S<n- So we need to 
verify that for any a;-functor / : S^^ — > C to any w-category C, and any function 
I/I : Sn+i — ^ Cn+i such, that for a G Sn+i 

dc(|/|(a)) = /(d([a])), ccma)) = /(c([a])), 

there is a unique a;-functor F : S* — > C, such that 

F„+i([a]) = |/|(a), F<n = f 

as in the diagram 




We define F^+i as follows. For X G S*,^-^^ 

Fn+l{X) = 



idfi^x) if dim{X) < n, 

I /I (a) if dim{X) = n + 1, X is principal and X 

Fn+i{X^''y,i if dim{X) = n + 1, a € Sd{X)i. 



■,i refers to the composition in C. Clearly = fk for k < n. The above morphism, 
if well defined, clearly preserves identities. We need to verify, for X G S*_^_i and 
dim{X) = n + 1, three conditions: 

I F is well defined, i.e. Fn+i{X) = Fn+i{X^^);i Fn+i{X'^^) does not depend on 
the choice of the saddle face a G Sd{X); 

II F preserves the domains and codomains i.e., Fn{d{X)) = d{Fn+i{X)) and 

Fn{c{X)) = c{Fn+l{X)y, 

III F preserves compositions i.e., = Fn+i{Xi);i. Fn+i{X2) whenever X = 

Xi +k ^2 and dim{Xi), dim{X2) > k. 

We have an embedding [— ] : S'<„ — > S't^^. 

So let assume that for positive face substructures of S of size less than size{X) 
the above assumption holds. If size{X)n+i = or X is principal all three conditions 
are obvious. So assume that X is not principal and dim{X) = n + 1. To save on 
notation wc write F for Fn+i- 

Ad I. First we will consider two saddle faces a, x G Sd{X) of different dimension 
k = dim{x) < dim{a) = m. Using Lemma 8.4 we have 

= ind.hyp.I 

= (F(xT"^^);fe F(xT'^T^)) = MEL 

= F(Xi-Ta)).^ F(XT-Ta)) = ind. hyp. Ill 

= F{X^-)-mF{X^-) 

Now we will consider two saddle faces a, 6 G Sd{X) of the same dimension dim{a) = 
dim{b) = m. We shall use Lemma 8.5. Assume that a <;~ 6, for some I < m. If 

7^'^^(a) G Sd{X), for some k < m, then this case reduces to the previous one for 
two pairs a,-f^''\a) G Sd{X) and 6,7(^)(a) G Sd{X). Otherwise a G Sd{X^^) and 
a G Sd{X^^) and we have 

= F(xT^Ta) = i^d hyp III 

= F{X^^;k F(xT''Ta) ^ j-jj 

= (FCxT^i");, FiX^'^'^)) = ind hyp I 

= F{X^''y,kF{X^') 

Finally, we consider the case a b. We have 

F(xTa) = i^d. hyp I 

= {FiX^'^'^y, F{X^'^-)yk F{X^') = ind hyp I 
= FiX^%FiX^'') 



This shows that F{X) is well defined. 

Ad II. We shall show that the domains are preserved. The proof that, the 
codomains are preserved, is similar. 

The fact that if Sd{X) = then F preserves domains and codomains follows 
immediately from the assumption on / and |/|. So assume that Sd{X) ^ and let 
a G Sd(X)^ dim{a) = k. We use Lemma 8.6. We have to consider two cases k < n, 
and k = n. 

li k < n then 

F,(d(X))=F„(d(X^«+,,xT")) = 

= Fn{d{X)^'';k = ind hyp III 

= F„(d(X)i'^);fcF„(d(X)T«) = 
= = ind hyp II 

= = ind hyp I 

= d{Fn+l{X)) 

If k = n then 

Fn{d{X)) = Fr,{d{X^- +„ X^n) = 

= F„(d(Xi"))= ind hyp II 

= d{Fn+i{X^n) = 
= = ind hyp I 

= d{Fn+i{X)) 

Ad III. Suppose that X = Xi^k X2 and dim{X) < n + 1. We shall show that F 
preserves this composition. If dim{Xi) = k then X = X2, Xi = d^'^\X2). We have 

^ ^i^lxi)!'^' ^"+1(^2) = Fn+l{Xi);k Fn+l{X2) 

The case dim(X2) = k is similar. So now assume that dim{Xi) , dim{X2) > k. We 
shall use Lemma 8.7. Fix a G c('=)(Xi)fc n j{Xi). So a G Sd{X)k. If Xi = and 
X2 = X'^"- then we have 

F{X) = = F{X2). 

If a G Sd{Xi)k then 



F{X) = FiX^^y^k = ind hyp II 

F{X^'^)-k iFixly,kF{X2)) = 
{F{X^y,k F{xl'')y,k F{X2) = ind hyp II 
F{Xi)-kF{X2) 



So in any case the composition is preserved. 
This ends the proof of the Lemma. □ 
For n E LO, we have a functor 



: wFs+/^ — ^ Comma+/^ 



such that, for S in wFs+/^ 

5«'" = (5„,S*„,[(5],[7]) 
and for / : 5 — > T in wFs^^^ we have 

^" = (/n,(/<nr). 

Corollary 9.2 For every n E oj, the functor (— is well defined, full, faithful, 
and it preserves existing pushouts. Moreover, for S in wFsJ/^ we have S* = iSf'" . 

Proof. The functor (— )" : Comma^/^ — >■ Comp+/^ which is an equivalence of 
categories is described in the Appendix. 

Fullness and faithfulness of (— is left for the reader. We shall show simulta- 
neously that for every n E lo, both functors 

(-)«'" : wFs+/^ — > Comma+/\ (-)*■" : wFs+Z^ — > Comp+Z^ 

preserve existing pushouts. For n = there is nothing to prove. For n = 1 this is 
obvious. So assume that n > 1 and that (— )tt'" preserves existing pushouts. Let 

S ^S+rT 



R -T 

be a pushout in wFs^^^. Clearly its n-truncation is a pushout in wFs,^/^. Hence 
by inductive hypothesis it is preserved by (—)*'". In dimension n + 1, the functor 
(|_)tl,"+i ig an inclusion. Hence, in dimension n + 1, this square is a pushout (of 
monos) in Set. So the whole square 



K rpi,n+l 

is a pushout in Comman+i, i.e. (— preserves pushouts. As (— )*'"+^ is a 
composition of (— )tt'"+i with an equivalence of categories it preserves the pushouts, 
as well. □ 

Corollary 9.3 The functor 

(-)* : wFs+/^ Comp+/i 
is full and faithful and preserves special pushouts. 

Proof. This follows from the previous Corollary and the fact that the functor (— )" : 
Comma^/^ — > Comp^/^ (see Appendix) is an equivalence of categories. □ 

Let P be a positive-to-one computad, a a A;-cell in P. A description of the cell a 
is a pair 

<Ta,Ta:T: ^P> 

where is a positive face structure and Tq is a computad map such that 

TaiTa) = a. 



In the remainder of this section we shall define some specific positive face struc- 
tures that will be used later. First we define a", for n G a;. We put 



if ; > n 

a'l' = < {2n} if / = n 

{2/ + 1,2/} if < / < n 



d,c:af — > af_i 



d{x) = {21 - 1} c{x) = 21-2 

for X G af, and 1 < I < n. 

For example can be pictured as follows: 

8 

/\ 

iXi 

IXI 

IXI 

1 

i.e. 8 is the unique cell of dimension 4 in that has 7 as its domain and 6 as its 
codomain, 7 and 6 have 5 as its domain and 4 as its codomain, and so on. Note 
that, for any k < n, we have 

d(k) n k „(k) n 

^ 'a = a = & 'a . 

Let rii < nQ,n2 and < n2,n4. Wc define the positive face structures a'^o,ni,n2 
and Q;"()."i!"2,n3,n4 following colimits in Fs"*"/"^: 



no 



Q,no,ni,n2 



a 



no 



Q,no,ni,n2,n3,n4 



a 



n4 



>i) 



a 



a 



n2 



a 



(ni) 



"2 



,("3) 
■'q;"2 



a 



We have 

Proposition 9.4 The above colimits are preserved by the functor 

(-)* : FS+/1 Comp+/\ 
Moreover for any u-category C we have bijective correspondences 

a;Cat((a")*,C) = C7„ 



ujCat{{a 



,no,ni,n2 



r,C) = {{x,y) € Cno X : c("i)(x) = 



= {ix,y,z) G C„„ X X : c('^i)(a;) = S^^\y) and c("^)(y) = d^''-^\z)} 
which are natural in C. 



Proof. As both positive face structures a'^o,ni,n2 g^j^^j Q,no,ni,n2,n3,n4 ^^.^ obtained 
vis special pushout (in the second case apphed twice) these coUmits are preserved 
by(-)*. □ 

The essential image of the full and faithful functor (— )* : Fs"*"/^ — > Comp"^/^ 

is the category of the positive computypes and it will be denoted by Ctypes^^^ . Thus 
the categories Fs~^/^ and Ctypes^^^ are equivalent. The full image of the functor 
(— )* : Fs"*"/^ — > ioCat will be denoted by Ctypestj^^ ■ The objects of Ctypes ui are 
a;-categories isomorphic to those of form S* for S being positive face structure and 
the morphism in Ctypest^^ are all a;-functors. 



10 The inner-outer factorization in Ctypes] 



-/I 



Let / : 5* — > T* be a morphism in Ctypest^^ ■ We say that / is outer^ if there is 
a map of face structures g : S — ^ T such that g* = f- We say that / is inner iff 
fdim{S){'^) = From Corollary 9.3 we have 



Lemma 10.1 An Lo-functor f : S* 



T* is outer iff it is a computad map. □ 



Proposition 10.2 Let f : S* — > T* be an inner map, dim{S) = dim{T) > 0. The 
maps df : dS — > dT and cf : cS — > cT, being the restrictions of f , are well 
defined, inner and the squares 



{dT)* 
df 

{dsy 



(cT)* 
c/ 

(csr 



commute. 



Proof. So suppose that / : S* — > T* is an inner map. So f{S) = T. Since / is an 
a;-functor we have 

fidS) = df{S) = dT and /(c5) = c/(5) = cT. 

This shows the proposition. □ 
We have 

Proposition 10.3 The inner and outer m,orphism,s form, a factorization system, in 
Ctypest)^^ ■ So any co-functor f : S* — > T* can be factored essentially uniquely by 

• o 

inner map f followed by outer map f: 

f 

s* •' 




Proof. This is almost tautological. □ 



^The names 'inner' and 'outer' axe introduced in analogy with the morphism with the same 
name and role in the category of disks in [J] . 



11 The terminal positive-to-one computad 



In this section we shall describe the terminal positive-to-one computad T. 

The set of n-cell 7^ consists of (isomorphisms classes of) positive face structures 
of dimension less than or equal to n. For n > 0, the operations of domain and 
codomain (f ^ : ^ %i-i are given, for 5 G 7^ by 



d{S) 

and 

c{S) 




if dim{S) < n, 
if dim{S) = n, 



if dim{S) < n, 
if dim{S) = n. 

and, for S,S' e %, such that c^'^\S) = d^'^\S') the composition in T is just the 
pushout S;k S' = S +k S' i.e. 

S S +k S' 



cW5 -S' 

The identity idr '■ %i is the inclusion map. 

The n-indets in T are the principal positive n-face structures. 

Proposition 11.1 T just described is the terminal positive-to-one computad. 

Proof. The fact that T is an w-category is easy. The fact that T is free with free 
n-generators being principal n-face structures can be shown much like the freeness 
of 5** before. The fact that T is terminal follows from the following observation: 

Observation. For every pair of parallel n-face structures N and B (i.e. dN = dB 
and cA'^ = cB) such that N is normal and B is principal there is a unique (up to an 
iso) principal (n -|- l)-face structure A^* such that dN' = N and cA^* = B. □ 

Lemma 11.2 Let S be a positive face structure and ! : S* — > T the unique map 
from S* to T. Then, for T & S^. we have 

k{T) = T. 

Proof. The proof is by induction on k £ uj and the size of T in S"^. For A; = 0, 1 
the lemma is obvious. Let k > 1 and assume that lemma holds for i < k. 

If dim{T) = I < k then, using the inductive hypothesis and the fact that ! is an 
a;-functor, we have 

U(r) =!,(!«) = i«^ = i(.^) = r 

Suppose that dim{T) = k and T is principal. As ! is a computad map !fe(T) is 
an indet, i.e. it is principal, as well. We have, using again the inductive hypothesis 
and the fact that ! is an w-functor, 

d{\k{T)) =!fc_i(dT) =dr 

c(!fc(T)) (cT) =cr 

As T is the only (up to a unique iso) positive face structure with the domain dT 
and the codomain cT, it follows that \k{T) = T, as required. 

Finally, suppose that dim{T) = k, T is not principal, and for the positive face 
structures of size smaller than the size of T the lemma holds. Thus there are I G uj 

and a G Sd{T)i so that 

!fc(T) =\k{T^'';i T^"^) =!ik(ri");/ !fe(TT») = T^<^;i T^^ = T, 
as required □ 



12 A description of the positive-to-one computads 

In this section we shall describe all the cells in positive-to-one computads using pos- 
itive face structures, in other words we shall describe in concrete terms the functor: 

H : Comma+/^ — > Comp+/^ 

More precisely, the positive-to-one computads of dimension 1 (and all computads 
as well) are free computads over graphs and are well understood. So suppose that 
n > 1, and we are given an object of Comma^/^, i.e. a quadruple (|P|„,P, d, c) 
such that 

1. a positive-to-one (n — l)-computad P; 

2. a set \P\n with two functions c : |P|„ — > \P\n-i and d : |P|„ — > Pn-i such 
that for X £ \P\n, cc{x) = cd{x) and dc{x) = dd{x); we assume that d{x) is 
not an identity for any x G | P | . 

If the maps d and c in the object (|P|„, P, d, c) are understood from the context we 
can abbreviate notation to (|P|„,P). 

For a positive face structure S, with dim{S) < n, we denote by S'"'" the object 
{Sn, {S^nT, [S], W) in Comma+/^ In fact, we have an obvious functor 

(_)tt,n . FS+/1 Comma+/i 

such that 

S^{Sn,{S^nr,[S],b]) 

Any positive-to-one computad P can be restricted to its part in Comma^/^. So we 
have an obvious forgetful functor 

(-)^'" : Comp+/^ — > Comma+/^ 

such that 

P^{\P\n,P<n,d,c) 

We shall describe the positive-to-one n-computad P whose (n — l)-truncation is 
P and whose n-indets are \P\n with the domains and codomains given by c and d. 
n-cells of P. An n-cell in P„ is a(n equivalence class of) pair(s) {S, /) where 

1. S is a positive face structure, dim{S) < n; 

2. / : {Sn, {S<n)*, [S], [7]) — ^ {\P\n,P,d,c) is a morphism in Comma+/\ i.e. 




commutes. 



We identify two pairs {S, /), (5", /') if there is an isomorphism h : S — > S' such 
that the triangles of sets and of (n — l)-computads 



fri\ / fn f<ri\ / /< 



<n 



commute. Clearly, such an h, if exists, is unique. Even if formally cells in P„ 
are equivalence classes of triples we will work on triples themselves as if they were 
cells understanding that equality between such cells is an isomorphism in the sense 
defined above. 

Domains and codomains. The domain and codomain functions 

are defined for an ra-cell {S, f) as follows: 

= (d(*^)5,d(*^V) 

where, for x G (d^'^)^)^ 

(d(^)/),(x) = fk{[x]){x) 

(i.e. we take the sub-face structure [x] of S, then value of / on it, and then we 
evaluate the map in Comma^/^ on x the only element of [x]k), 



for I < k; 

where, for x G {c^^^S)k 
and 



(d('V); = fl 
c(*^)(-S,/) = (c(*^)5,c(*^)/) 

(d^^V)^ = fl 



for I < k, i.e. we calculate the A;-th domain and A;-th codomain of an n-cell {S, /) by 
taking d^'^) and c^^^ of the domain S of the cell /, respectively, and by restricting 
the maps / accordingly. 

Identities. The identity function 

i : Pn-i — * Pfi 
is defined for an (n — l)-cell {{S, /) in Pn-i, as follows: 



Ks,f) = 



{S,f) if dim{S) <n-l, 
(5,7) ifdim(S)=n-l 



Note that / is the map Comp^/.^ which is the value of the functor (— ) on a map / 

from Comma^:(\. So it is in fact defined as 'the same (n — l)-ceir but considered 
as an n-cell. 

Compositions. Suppose that (5*, /*) are n-cells for i = 0,1, such that 

cW(5°,/°) = d(^)(5\/i). 
Then their composition is defined, via pushout in CommaJ/^, as 

{s^,fy,k is\f) = is^ +,s\[f,f]) 



i.e. 



[7] 



(('5'° +k S^)<n-l)n-l 



[/n— 1 ' fn—l] 



Pn-l 



This ends the description of the computad P. 

Now let /i : P — >■ Q be a morphism in Comma^/''^, i.e. a function '■ \P\n — 
\Q\n and a (n — l)-computad morphism /i<„ : P<„ — > Q<n such that the square 

IQIn 




n— 1 



commutes serially. We define 

h:P — >Q 

by putting % = % for k < n, and for (5, /) G Pn, we put 

M5,/) = (5,/io/). 

Notation. Let a:: = {S,f) be a cell in P„ as above, and a G Sd{S). Then by 
x^"' = {S^"', /-'-") and x^^" = (5^", f^"") we denote the cells in P„ that are the obvious 
restriction x. Clearly, we have c^'^^x^"') = d^''\{x^'^) and that x = x^°';f;x'^°', where 
k = dim{a). 

The following Proposition states several statements concerning the above con- 
struction. This includes that the above construction is correct. We have put all 
these statement together as we need to prove them together, that is by simultane- 
ous induction. 

Proposition 12.1 Let n E u. We have 

1. Let P be an object of Comma^^^ . We define the function 

rip : \P\n — > Pn 

as follows. Let x G \P\n- c{x) is an indet d{x) is a normal cell of dimension 
n — 1 . Thus there is a unique description of the cell d{x) 



d(x) , Td(x) ■ Td{x) 



P<n > 



with rrf(3;) being normal positive face structure. Then we have a unique n-cell 
in P: 



^ — < hxln ■ {Td(x)} ~^ \P\n, iTx)<n ■ (^'(x 



d{x))<n 



P<n> 



(note: |TJ(^)|„ = {T^i^)}) such that 



d{x)- 



\Tx\n{T^{j.)) - X 



and 



iTx)n-liS) 



c{x) if S = c{T',^^^) 

{rdx)n-i{S) ifSC Tdx 
and (r^)<(n-i) = (Tdx)<(n-i)- We put r]p{x) = x. 

Then P is a positive-to-one computad with rjp the inclusion of n- 
indeterminates. Moreover any positive-to-one n-computad Q is equivalent to 
a computad P, for some P in Comma^^^ . 



2. Let P be an object o/Comma^/^, ! : P — > T the unique morphism into the 
terminal object T and f : 5"'" P a cell in Pn- Then 

\nif : S^^"" ^P) = S. 

3. Let h : P ^ Q be an object of Comma^/^ . Then h : P — > Q is a computad 
morphism, 

4- Let S be a positive face structure of dimension at most n. Moreover, for a 
morphism f : S"'" — > P in Comma^/''^ we have that 

7,(T) = /o(^^)tt'" 
where k < n, T & and it '■ T — >■ S is the inclusion. 

5. Let S be a positive face structure of dimension n, P positive-to-one computad, 
g,h : S* — > P computad maps. Then 



g = h 



iff 



gn{S) = hn{S). 



6. Let S be a positive face structure of dimension at most n, P be an object in 
Comma^/^. Them we have a bijective correspondence 

f : 5"'" — > P £ Comma+/^ 



f:S* 



P G Comp; 



such that, fniS) = f , and for g : S* — >■ P we have g = gn{S). 
7. The map 

/^^:]JComp(5*,P)^P„ 

s 

g:S*^P ^ gniS) 

where coproduct is taken over all ( up to iso ) positive face structures S of di- 
mension at most n, is a bijection. Ln other words, any cell in P has a unique 
description. 

Proof. Ad 1. We have to verify that P satisfy the laws of ^-categories and that 
it is free in the appropriate sense. 

Laws w-categories are left for the reader. We shall show that P is free in the 
appropriate sense. 

Let C be an w-category, : P<jj C^n and (n— l)-functor and gn '■ \P\n Cn 
a function so that the diagram 




n-l 



gn-1 



n—1 



commutes serially. We shall define an n-functor g : P ^ C extending g and gn- For 
X = (S, f) e Pn we put 



l3n-io/„-i(5) ifdim{S)<n, 

gn ° fn{ms) if dim{S) = n, S is principal, Sn = {ms} 

gni^^^y^kgnix^") if dim{S) =n,a€ Sd{S)k 



We need to check that 'g is weh defined, unique one that extends g, preserves 
domains, codomains, compositions and identities. 

All these calculations are similar, and they axe very much like those in the proof 
of Proposition 9.1. We shall check, assuming that we already know that g is well 
defined, and preserves identities that compositions are preserved. So let T, Ti, T2 
be positive face structures such, that T = Ti +kT2. Since g preserves identities, we 
can restrict to the case dim(Ti) , dim{T2) > k. 

Fix a e c('=)(ri)fe n 7(ri). So a G Sd{T)k. If Ti = T^" and T2 = TT« then we 
have 

g{T) =g{T^-y,kg{T^'') =my,k9{T2). 

If a G ^^(ri);;; then 

9{T)=9{T^'');kgiT^'^) = 
= g{T^-)-k{g{Tly,kg{T2)) = 

= {g{Th;kg{Tl'));kgiT2) = 
g{Tiy,kg(T2) 

The remaining verifications are similar. 

Ad 2. Let ! : P — > T be the unique computad map into the terminal object, S 
a positive face structure such that dim{S) = I ^ n, f : S""'"" — > P a cell in P„. 

li I < n then by induction we have !n(/) = S. li I = n and S is principal then 
we have, by induction 

[n{d{f) : (d5)«'" ^ P) = dS, !„(c(/) : (c5)«'" ^ P) = cS. 

As / is an indet in P, !«(/) is a principal positive face structure. But the only (up 
to an iso) principal positive face structure B such that 

dB = dS, dB = dS 

is S itself. Thus, in this case, !n(/) = S. 

Now assume that I = n, and S is not principal, and that for positive face struc- 
tures T of smaller size than S the statement holds. Let a G Sd{S)k. We have 

!n(/) =!n(/^^fc =ln{f^''y,k Ufl = S^^:^ S^"" = S 

where f ^"" = f o (k^")"'" and p"' = f o (kT")!!." and k^"' and k^" are the maps as in 
the following pushout 

-S 

^ik)s 

Ad 3. The main thing is to show that h preserves compositions. This follows 
from the fact that the functor 

(_)tt,n . FS+/1 Commay^ 

preserves special pullbacks. 

Ad 4. This is an immediate consequence of 3. 

Ad 5. Let be a positive face structure S of dimension at most n. To prove 5., 
we are going to use the description of the n-cells in positive-to-one computads given 
in 1. Moreover, note that by 3. and Lemma 11.2 we have that for T G 5^, the value 



of at T is a map in Comma^'\ such that ^^(r) : T^^^ — > P^''', i.e. the domain 
of gk{T) is necessarily T"'^. 

The imphcation ^ is obvious. So assume that g,h : S* — > P are different 
computad maps. Then there is A; < n and x £ Sk such that 7^ hk{[x]). We 

shall show, by induction on size of T, that for any T E Sj, such that x E T , we 
have 

gk{T) + hkiT) (6) 

T = [x] has the least size among those positive face structures that contain x. 
Clearly, (6) holds in this case by assumption. 

Suppose that (6) holds for all U G Sp whenever for I' < I and x G C/. Suppose 
that T = [y] for some y & Si, and x £ [y]. Then either x € d[y] or a; G c[y]. In the 
former case we have, by inductive hypothesis, that ^'^(dr) 7^ hk{dT).Thus 

d{9k{T)) = gk{dT) + hkidT) = d{gk{T)) 

But then (6) holds as well. The later case (x € c[y\) is similar. 

Now suppose that T is not principal x eT and that for ?7 of a smaller size with 

X G [/ the condition (6) holds. Let a G Sd{T)r. Then either x G T^"' or x G 
Both cases arc similar, so wc will consider the first one only. Thus, as T^"" has a 
smaller size than T, by inductive hypothesis wc have 

gk{T^n ^ (7) 

As the compositions in P are calculated via pushouts we have that 

giiT^'');rgi{T^n = [9liT^%9l{T^n] 

where [gi{T^^), gi{T^"')] is the unique morphism from the pushout as in the following 
diagram: 




Similarly 

hi{T^^);rhiiT^'') = [hiiT^''),hiiT^'')] 

As morphism form the pushout are equal if and only if their both components are 
equal we have 

gi{T) = gi{T^%T^'') = gi{T^'')w giiT^") = 

[giiT^''),gi{T^'')] + [h^T^'^) MT^'')\ = 
= hi{T^'')-r hi{T^'') = hi{T^''-r rT«) = hi{T) 
Thus (6) holds for all T e S* such that x G T. As x G 5, we get that 

gn{S) 7^ hn{S) 



as required. 

Ad 6. Fix a positive face structure S of dimension at most n. 
Let / : S^'"" — >■ P be a cell in P„. By 4, we have 

7n{S) = f o (is)^'- = f o = / o (1^") = /. 

Let g : S* — > P be a computad map. To show that g = gn{S), by 5, it is enough 
to show that 

(^)US) = gn{S). 

Using 4 again, we have, 

(g^US) = gn{S) o {isf^ = 

= gn{S) o igi,„ = gn{S) o lgi,„ = gniS). 

Thus, by 5, (^)) = g. 

Ad 7. It follows immediately from 6. □ 

From the Proposition 12.1.7 we know that each cell in a positive-to-one computad 
has (up to an isomorphism) a unique description. The following Proposition is a bit 
more specific. 

Proposition 12.2 Let P be a positive-to-one computad, n ^ uj, and a £ Pn- Let 
he !^(a) (where \^ : P — > T is the unique morphism into the terminal computad). 
Then there is a unique computad map Ta ■ T* — ^ P such that {Ta)n{Ta) = a, i.e. 
each cell has an essentially unique description. Moreover, we have: 

1. for any a E P we have 

Tda = d{Ta) = Tda = Ta O {drj* , T^^a) = c(Ta) = T^(a) =Ta° (CTa)* , 

2. for any a,b G P such that c^^^ (a) = d^^") (b) we have 

ra;kb = b'a,n] ■ T* +c(fe)T* ^6 ' -P> 

3. for any positive face structure S, for any computad map f : S* — > P, 

^f„{S) = /• 

4. for any positive face structure S, any lo -functor f : S* — > P can be essentially 
uniquely factorized as 

f 

S* 

where /*" is an inner map and {Tf(^s)j'Pf{S)) the description of the cell f{S). 

Proof. Using the above description of the positive-to-one computad P we have 
that a : (Ta)"'" — > p^,n_ j-^ = q gy Proposition 12.1 point 6, we have that 

{Ta)n{Ta) = an(Ta) = a, as required. 

The uniqueness of (Ta,Ta) follows from Proposition 12.1 point 5. 

The remaining part is left for the reader. □ 



13 Positive-to-one computads form a presheaf category 

In this section we want to prove that the category Comp"*"/^ is equivalent to the 

presheaf category 

5et(pFs+/i)°^, In fact, we will show that both categories arc equiv- 
alent to the category sPb{{Fs'^^^)"P, Set) of special pullbacks preserving functors 
from (Fs+/^)°P to Set. 

First note that the inclusion functor i : pFs"*"/^ — >■ Fs''"''''^ induces the adjunction 

Rarii 

Seti^^^^^'r , seti^^^^'r 

i* 

with i* is the functor of composing with i and Rarii is a the right Kan extension 
along i. Recall that for F in Set^^^^^^^^ , S in Fs^^^, it is defined as the following 
limit 

{RaniF){S) = LimF o S^'°p 

where T,^^°p is the dual of the functor T,^ defined before Lemma 6.4. Note that as 
(pFs+/^ i SyP = S i (pFs+/^)°f we have 

J^^'"^ : S i (pFs+/^)''P (pFs+/^)°P. 

As i is full and faithful the right Kan extension Rani{F) is an extension. There- 
fore the counit of this adjunction 

£f : {RaniF)oi — y F 

is an isomorphism. The functor RaniF is so defined that it preserves special limits. 
Hence by Lemma 6.4 it preserves special pullbacks. It is easy to see, that for G in 
Set^^^^^^^ the unit of adjunction 

1JG '■ G — >■ Rani{G o i) 

is an isomorphism iff G preserves special pullbacks. Thus we have 

Proposition 13.1 The above adjunction restricts to the following equivalence of 
categories 

Rauj 

5g^(pFs+/i)°^ ^ sP6((Fs+/i)°P, Set) 

i* 

□ 

Now we will set up the adjunction 

H . 

sPb{{Fs+/^)°P, Set) Comp+/i 

(-) = Comp+/nH*,-) 

which will turn out to be an equivalence of categories. The functor (— ) sends a 
positive-to-one computad P to a functor 

P = Comp+/i((-)*,P) : {Fs+/^)"P Set 

(— ) is defined on morphism in the obvious way, by composition. We have 

Lemma 13.2 Let P be a positive-to-one computad. Then P defined above is a 
special pullbacks preserving functor. 



Proof. This is an immediate consequence of the fact that the functor (— )* pre- 
serves special pushouts. □ 

Now suppose we have a special pullbacks preserving functor F : (Fs'^^^)°p — > 
Set. We shall define a positive-to-one computad F. 

As n-cells of F we put 

Fn = l[FiS) 

s 

where the coproduct is taken over alP (up to iso) positive face structures S of 
dimension at most n. 

li k < n, the identity map 

iW -.Fk^Fn 

is the obvious embedding induced by identity maps on the components of the co- 
products. 

Now wc shall describe the domains and codomains in F. Let S" be a positive 
face structure of dimension at most n, a G ^ F„. We have in Fs"*"/^ the k-th 

domain and the k-th codomain morphisms: 



S 




(fe) 



We put 



dW(a) = F{d^g>){a) G F{d^''^S) ^ Fk, 

c(*^)(a) = F{cP){a) G F{c^''^S) ^ Fk. 

Finally, we define the compositions in F. Let ni,n2 E lo, n = max{ni,n2), 
k < min{ni,n2), and 



a e F{S) ^ F, 



b e F{T) ^ F, 



n2 1 



such that 



Ml 



{a) = F{4^){a) = F{4'^){b) = S'^Hb) 



We shall define the cell a;k b & Fn. We take a special pushout in Fs^^^: 




As F preserves special pullbacks (from (Fs"'"/^)°^') it follows that the square 



^In fact, we think about such a coproduct IJ5 J'(>S') as if it were to be taken over sufBcicutly 
large (so that each isomorphism type of positive face structures is represented) set of positive face 
structures S of dimension at most n. Then, if positive face structures S and S' are isomorphic via 
(necessaxily unique) isomorphism h, then the cells x € F{S) and x' € F{S') are considered equal 
iff F{h){x) = x'. 



F{S) F{S +k T) 



F[cf) 



F{k2) 



is a pullback in Set. Thus there is a unique element 

X e F{S +k T) ^ Fn 

such that 

F{Ki){x)=a, F{Ki){x) = b. 

We put 

a;kb = X. 

This ends the definition of F. 

For a morphism a : F — > G in sP6((Fs"'"/^)"*', Set) we put 

^ ~ {o^n ■ F^ > Gn\n&LO 

such that 

0^n = Y[oLS ■ Fn >Gn 

s 

where the coproduct is taken over all (up to iso) positive face structures S of dimen- 
sion at most n. This ends the definition of the functor (— ). 

We have 

Proposition 13.3 The functor 

{-) : sPh{{¥s^'^yP,Set) Comp+Z^ 

is well defined. 

Proof. The verification that (— ) is a functor into uCat is left for the reader. We 
shall verify that for any special pullbacks preserving functor F : Fs"*"/^"^ — > Set, 
F is a positive-to-one computad, whose n-indets are 

\F\n = II ^(^) ^ II ^(S) = Fn. 

BepFs+/^,dim{B)=n SeFs+^^ ,dim{S)<n 

Let P be the truncation of F in Comma^/^, i.e. P = F'''". We shall show that 
Fn is in a bijective correspondence with P„ described in the previous section. We 
define a function 

if. Pn > Fn 

SO that for a cell / : S"'" — > P in P„ we put 

f if dim{S) < n, 

fif) = { fn{ms) if dim{S) = n, S principal, Sn = {ms} 

[ a dim{S) = n, a e Sd{S)k. 

and the morphisms in (p{f^°') and </'(/^") in Comma^/^ are obtained by composi- 
tions so that the diagram 



commutes. We need to verify, by induction on n, that is well defined, bijective 
and that it preserves compositions, domains, and codomains. 

We shall only verify (partially) that <^ is well defined, i.e. the definition <^ for 

any non-principal positive face structure S of dimension n does not depend on the 
choice of the saddle point of S. Let a,x € Sd{S) so that k = dim{x) < dim{a) = m. 
Using Lemma 8.4 and the fact that (— preserves special pushouts, we have 

as required in this case. The reader can compare these calculations with the those, 
in the same case, of Proposition 9.1 {F is replaces by (p and T is replaces by /). So 
there is no point to repeat the other calculations. □ 
For P in Comp"*"/^ we define a computad map 

r,p:P^P 

so that for x G Pn we put 

VP,n{^)=rx:T*^P 
For F in sPb{{Fs+/^yP, Set) we define a natural transformation 

ep-.F^F, 

such that, for a positive face structure S of dimension n, 

{eF)s : FiS) FiS) 
andg:S*^Fe F{S) we put 

{eF)s{9)=9n{S). 

Proposition 13.4 The functors 

H . 

sPb{{Fs+/yp, Set) ^ Comp+/i 

H = Comp+A((^)*,-) 

together with the natural transform^aMons rj and e defined above form an adjunction 
({—) H {—))■ It establishes the equivalence of categories sPb{{Fs~^^^)°P , Set) and 
Comp+/^ 

Proof. The fact that both r] and e are bijective on each component follows im- 
mediately from Proposition 12.1 point 6. So we shall verify the triangular equalities 
only. 

Let P be a computad, and F be a functor in sPb{{Fs^^^)°P, Set). We need to 
show that the triangles 



commute. So let / : 5* ^ P G PiS). Then, we have 

£p ° ff^if) = £p{VP °f) = iVP ° f)n{S) = 



= {r]p)n{fn{S)) =Tf^(S) = f 

So let X e F{S) — Fn. Then we have 

So both triangles commutes, as required. □ 

From Propositions 13.1 and 13.4 we get immediately 

Corollary 13.5 The functor 

H : Comp+/i Set^^^-^'^y" 

such that for a positive-to-one computad X , 

X = Comp+/i((-)*,X) : (pFs+/^)°^' — ^ Set 

is an equivalence of categories. 

14 The principal pushouts 

Recall the positive face structure a" from section 9. A total composition map is an 
inner w-functor whose domain is of form {a"')*, for some n e u. If 5 is a positive 
face structure of dimension n, then the total composition of S (in fact S*) is denoted 

by 

It is uniquely determined by the condition /j,^* {a"') = S. We have 

Proposition 14.1 Let N be a normal positive face structure. With the notation as 
above, the square 

TV* N*'* 



N' 



n+1,* 



is a pushout in Ctypesw^^ ■ Such pushouts are called principal pushouts. 

Proof. This is an easy consequence of Proposition 7.3, particularly point 4. □ 
Prom the above proposition we immediately get 

Corollary 14.2 If n > and P is a principal positive face structure of dimension 
n then the square 



dp 

dP* — ^ P* 



dP 



a 



n—l,* 



is a (principal) pushout in Ctypes^ 
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d^n,* 
□ 



a 



Theorem 14.3 (V.Harnik) ^ Let F : {Ctypes^^^)°P — > Set be a special pullback 
preserving functor. Then F preserves the principal pullbacks as well. 

Theorem 14.3 is a special case of Lemma 14.6, for k = n — 1. 

The proof of the above theorem will be divided into three Lemmas. Theorem 
14.3 is a special case of Lemma 14.6, for = n — 1. 

Before we even formulate these Lemmas we need to introduce some construc- 
tions on positive face structures and define some cj-functors between computypes. 
Introducing these constructs and notation for them we shall make some comments 
how they are going to be interpreted by special pullback preserving morphisms from 
{Ctypes^^^yP to Set. 

Fix k < n, and a P principal positive face structure of dimension n. We say 
that P is k-globular iff d^'^P is principal, for k < I < n, i.e. 6^^\pn) is a singleton, 
foi k < I < n, where P„ = {pn}- The k-globularization eiP of P is the fe-globular 
positive face structure of dimension n defined as follows. Note that by Lemma 7.1 
Pi = S{pi+i) U {pi} for < Z < n. We put 



bPi 



{qi,pi} for A; < Z < n. 
Pi otherwise. 



For X G bP, 



and 



Pi-i if X = q; for some k < I < n, 
7^(x) otherwise. 



if X G E1P/+1 for some k < I < n, 
Pk) if X G EiFfe, 
6^{x) otherwise. 



6P 



Note that mP is P itself. Thus the elements of the shape eP* are fc-globularized 
versions of the elements of the shape P* . As the following positive face structures 

c(fe)p ^ c(fe)[gp ^ ^ dc^^+^W = d^'^+^^EP 

are isomorphic, we can form the following special pushouts 

e(fe+i)p* c(^+i)p +,(.)piaP* 



Cp(fc+i) p 



K2 



(k),* 



^The original statement of V.Harnik is saying that the nerve functor from cj-catcgories to (all) 
computads is monadic. However, in the present context the argument given by V.Harnik is directly 
proving the present statement, i.e. that the principal pullbacks are preserved whenever the special 
one's are. This, statement is used to show that the category of tj-categories is equivalent to the 
category of special pullback preserving functors from (Ctypes'^''^)"'^ to Set, c.f. Corollary 15.2. 
From that statement, the monadicity of the nerve functor is an easy corollary, c.f. Theorem 16.7. 
In the remainder of this section the Harnik's argument, adopted to the present context, is presented. 



and 



"c('=+i)e|P 

(,(fe) p* 



■bP* 



We describe in details the positive face structures we have just defined: 

bP, P' = c('=+^)p+^(fc)pBP, and P" = c^'^+^W +^(k)p bP, 
for a (A; + l)-globular positive face structures P, i.e. in case P is equal to ebP. 



dim 


P 


bP 


p' 


P" 


n 
n—1 


{Pn} 
{Qn-l, Pn-l} 


{Pn} 
{Qn-l, Pn-l} 


{Pn} 
{Qn-l, Pn-l} 


{Pn} 
{Qn-l, Pn-l} 


k+1 

k 


{^k+l,Pk+l} 

sipk+i) u {pk} 


{qfc+i'Pfe+i} 
{qfc,Pfc} 


{rfc+1, qfc+1, Pfc+i} 
^(Pfc+i) U {<ik,Pk} 


qfe+1, P^+i} 
{rfc,qfc,Pfc} 


I 


Pi 




Pi 





< I < A;. The functions 7 and 5 in both P' and P" are easy to figure out. We give 
few less obvious values below. In P' 



(5^'(rfc+i) = (5^(pfc+i), (5^'(qfc+i) = 5^\pk+i 
7^'(rfe+i) = qfe, 7^'(qfe+i) = 7^'(pfe+i) = 



qfc 



Pfe, 



and in P" 



<^^"(rfc+i) = rfc. 



Now wc shall define some oj-functors between computypcs. To describe their 
meaning let us fix a special pullback preserving functors from F : {Ctypes^^^)°^ — > 
Set. 

The w-functors denoted by letter /j. are interpreted as operation that 'globularize' 



cells. We have two of them. The first one /x 



S* was already introduced 



at the beginning of this section for any positive face structure 5'. The second is the 
a;-functor 

fj^-.aP* — ^ EaP* 

such that 

' (X-{qfc})U5(pfe+i) if qfc GX 
X otherwise. 



for X G EiP* , and 

The fact that these operations are interpreted as globularization of cells can be 
explained as follows. The function 



P(a^) : P(edP* 



P(bP*) 



takes a (fc + l)-globular ra-cell a € P(lsiaP*) and returns a A;-globular n-cell 
P(^)(a) G P(eiP*). Intuitively, F(iJ^ is composing the fc-domain of a leaving 
the rest 'untouched'. So it is a 'one-step globularization'. On the other hand, the 
function 

F{n^*) : F{S*) Fia-^'*) 



is taking an n-ccll b of an arbitrary shape S* and is returning a globular n-cell. This 
time is composing all the domains and codomains in the cell b as much as 

possible, so that there is nothing left to be compose. This is the 'full globularization'. 
Instead of writing F{iJ^){a) and F{fj,^*){b) we write IJ^{a) and H^* {b) or even /i(a) 
and fj,(b) if it does not lead to confusions. The same conventions will apply to the 
other operations that we introduce below. 

We need a separate notation for the w-functor : c^'^'^^^mP* — > c^'^+'^)p* such 
that 

' c('=+i)P ifX = cM[aP 
H^{X) = \ c('=)P if X = c('=)[aF 
X otherwise. 



for X e c('=+^)[hP*. It is a version of /j^. 
The w-functor 

tP : P* 



dP* 



is given by 



tp{X) 



dP if cP C X 
X otherwise. 



for X G P*. tp is a kind of degeneracy map and it is interpreted as 'a kind of 
identity'. For a given (n — l)-cell t of the shape dP*, is 'identity on f but with 
the codomain composed. This is why we will write it rather than t{t). 
The a;-functor 

/3fe : c^'^^P — > d^'^^P 



such that 



dWp if X = cWp 
X otherwise. 



for X G P*, is the operation of 'composition of all the cells at the top' leaving the 
rest untouched. Clearly we have /3„_i = dp; tp. 
The following two a;-functors 



[i,,.+.,p;dP'*,tip] : c('=+i)p+,(.)peP* 



and 



are defined as the unique w-functors making the following diagrams 



<.c(fe+i) p* 



ebP* 



Cp(fc+l) p 




and 




■'c(fc+i)ElP 




commute. 

Finally, we introduce two maps that are a kind of a binary composition but with 
a wiskering. The first 



:H3P* 



is given by 



XU{rA.+i,qfc} if Xn{qfc+i,Pfc+i} 7^ 
X otherwise. 



for X G hdP*. The other is ;fc : laP* — > c^''+^^bP +f.{k)paP with the same defining 
formula, for X G laP*. 

In the following diagram all the morphisms that we introduced above are dis- 
played. Most of the subscripts of the morphisms are suppressed for clarity of the 
picture. 



,(fe+i)p 



cMp+,(fc)praF* 




+^{fc)plHDP* 



The above cube contains two special pushouts mentioned above. The following 
Lemma describe some other commutations. 

Lemma 14.4 With the notation as above we have: 
Kl = dp'' ; {'■mml, 



4- = (jfc); + Iep); 

5. ic(*=+l)ElP* ; (^k = Mfc; ''cC-'+i) P* ' 

6- ['-c('=+i)eip*;4e^'*' ^Erf'*] = ^Ei^*' 
(W; [''c('=+i)p*;dp^'*'/^ = ^p*- 

Proof. Routine check. □ 

Lemma 14.5 Let F : {Ctypestj^^Y^ — > Set be a special pullback preserving func- 
tor, P a principal positive face structure of dimension n. Then for any < k < n, 
F preserves the pullback in {Ctypes'^/^)'^ 



"hup 



-mP* 



Proof. Let F : {Ctypest}^^)"^ — > Set be a special pullback preserving functor, 
P a principal positive face structure of dimension n. We need to show that the 
square 

F{S-^)P*) /^'^^^ F(ebP*) 



F(cWp*) 



F([hP*) 



is a pullback in 5et. Let us fix t G F{d^^^P*) and a € F{c^^^P*) such that /3(t) = 
S-^\a). We will check that it is a pullback, by showing existence and uniqueness of 
an element b G F(edP*) such that d('^)(6) = t and /Lt(6) = a. 

Existence. By Lemma 14.4.1 we have c(tt) = d^^\a). Since F preserves special 
pullbacks and c^^^^)p +^(k)p\^ is a special pullback in {Ctypest}^^)°^ we have an 
element (tt,a) E -F(c('^'+^)p+j,(fe)pEiP) such that Ki{Lt,a) = it and K2{tt,a) = a. We 
shall show that the element G F( ictiiP *) is the element we are looking for, i.e. 

d^'^Hh'^a) = t and n{tt-^a) = a. 

Using Lemma 14.4 2 and 3 we have 

d^'^Htt-^a) = d{tt) = t 

and using Lemma 14.4 4, 5, 6 and assumption (3{t) = d^'^^a) we have 

This ends the proof of existence. 

Uniqueness. Now suppose that we have two elements 6, b' G F(\^P*) such that 
d(^')(6) = t = dW(6') and ^l{b) = a = n(b). Then using Lemma 14.4 7 and the 
assumption we have 



So the element with this property is unique. □ 



Lemma 14.6 Let F : [Ctypes. 



op 



Set he a special pullback preserving func- 



tor, P a principal positive face structure of dimension n. Then for any < k < n, 



F preserves the following pullback in {Ct-j^j^es^^^Y 



op 



(8) 



j(fc) p* 



a 



k,* 



■ a" 



Proof. The proof is by double induction, on dimension n of the principal positive 
face structure P, and k < n. 

Note that if /c = then, for any n > 0, the vertical arrows in (8) are isomor- 
phisms, so any functor form {Ctypes^^^ Y^ sends (8) to a pullback. This shows in 
particular that the Lemma holds for n = 1. As we already mentioned, if A; = n — 1, 
the square (8) is an arbitrary special pushout. 



Thus, we assume that F : {Ctypes^ 



-/I. 



op 



Set is a special pullback preserving 



functor, and that P a principal positive face structure of dimension n, < A: < n, 
F preserves the pullback (8). Moreover, for n' < n and the principal positive face 
structure Q of dimension n', F preserves the principal pullback in {Ctypes^^^)"^: 
d* 

dQ* ^ Q* 



dQ 



j(n'-l)g* 

d("'-i)o* 



,(n'-l),* 



a 



■ a 



a 



n' — l,* 



We shall show that F preserves the pull^:^]^ j^Ctypesu) 



+/i^ 



d 

.op^ 



(n'-l), 



a 



n ,* 



EDQ* 



(9) 



d(fc+i)p* 



a 



k+l,* 



a 



n,* 



"a" 

as well. 

In the following diagram (most of the subscripts and some superscripts were 
suppressed for clarity): 



a 




k+l,* 



all the squares and triangles commute. Moreover, F sends the squares /, II, III 
to pullbacks in Set: I by Lemma 14.5, II by inductive hypothesis for k, III by 
inductive hypothesis since dim{c^'''^^^ P) < n. 

Let f -.X — > F(d('=+i)P*) and 5 : X — > F{\sbP*) be functions such that 



y,9 



Since F applied to // is a pullback in Set, and some squares and triangles in the 
above diagram commute, there is a unique function hi : X — > F(iHiiP) such that 



^i;n^S;) = /;m+i);^(d:(.+i)p) and hi;F(/x^') 
To get a unique function h2 : X — > F(raP*) such that 

h2;F{d^*) = f and hs; F(/i^) = hi 



(10) 



(11) 



we use the fact that F sends /// to a pullback in Set. The application of F to the 
diagram above will give the following diagram in 5'et, where we added the additional 
functions /, g, hi, and h2'- 



f 



■ F(d(*^+i)P*) ^ ^ F(raF*) X 



^(c(fe+l)p*) ^ F(ebF*) 



F(d*) 
^-^(m) F(dW P*) 



F(d('=)'*) 



F{a 



F{d*) 



F{q^'*) 



i?(ci('=)'*) 



Fia""'*) 



_p(d(^+i)'*) 



Thus in order to verify that 

f;F{P,^,) = hi;F{d^^'*) 
and to get ^2 satisfying (11), it is enough to verify that 



/;F(/3,+i);F(/. 




(12) 



/;F(/3fc+J;F(d;(,+i)p) = hi; F{d^^'*y, F{dl,,^,,p) 
For (12), we have 

f;F{f3,^iy,Fit^<^''-''n = f;F{t^'''''''n = 



(13) 



5;F(dil+^)'*) = /.i;F(M^*);F(d£+^)'*) = 



and for (13), we have 

= h^;Fid^^'*)■,F{dl,,^,,p). 
By uniqueness of both and /12, h2 is the unique function such that 

h2;d^^'* = f and h2;M^*=g 
i.e. F sends (9) to a puUback in Set, as required. □ 

15 Yet another full nerve of the a;-categories 

Let (S denote the category of simple w-categories introduced in [MZ] . It was proved 
there that any simple w-category is isomorphic to one of form (a")* for some ud- 
vector u. In fact what we need here is that any simple a;-category can be obtained 
from those of form {a"')*, with n E u), via special pushouts. 

As every simple w-category is a positive computype, we have an inclusion functor 

k : <S — > Ctypes^^^. 

In [MZ] we have shown, that sPb{S°^, Set) the category of special pullbacks pre- 
serving functors from the dual of S to Set is equivalent to the category w-categories. 
We have in fact an adjoint equivalence 

^ H 

ujCat ' sPb{S°P, Set) 

{-) = ujCat{:^, -) 



where 

is given by 



C:S°P — > Set 



C{A) =ujCat{A,C), 
where A is a simple category. We shall show 

Proposition 15.1 The adjunction 



Set^"" . 5et(«2^f^^-^')° 



restricts to an equivalence of categories. 

-Rank 

sPb{S°P, Set) sPb{{Ctypest^^)"P, Set) 

k* 

where sPb{{Ctypes^^^)°P , Set) is the category of the special pullbacks preserving func- 
tors. 



Proof. First we shall describe the adjunction in details. 

The counit. Let G be a functor in sPb{S°P, Set) , A & simple a;-category. We 
have a functor 



op 



G 



Set 



with the hmit, say {LimG o tt^, a^). Then the counit (£g)a is 



(£g)a : {Rank{G) o k){A) = Lim{G o tt^) ^^-^ G{A) 

As k is full and faithful^, for any G, £g is an iso. Thus e is an iso. 
The unit. Let F be a functor in sPb{{Ctypes^^^yP, Set), T a positive face 
structure. We have a functor 

(k I T*)-P ^ CtypesV^ — Set 

Then the unit (riF)T* is the unique 



with the limit, say (LimF o k o tt"^ ,a'^ 
morphism into the limit: 



F{T*) 



iVFh 



RaukiF ok)(r*) 
LimF o k o tt-^* 




F{A) 



where the triangle in Ctypest^^ 



F{B) 



A' 



f 



B 



commutes. 

Note that, as F preserves special puUbacks, and any simple category can be 
obtained from those of form a" with n G w, we can restrict the limiting cone 
{LimF o k o tt"^*, ct'^*) to the objects of form a"", with n € a;. 

After this observation we shall prove by induction on size of a positive face 
structure T, that {r}F)T* is an iso. 

If dim{T) < 1 then {r]F)T* is obviously an iso. 

Suppose T is not principal, i.e. we have a G Sd{T) for some k E lj. By inductive 
hypothesis the morphisms 



are iso, and the square 



is a special pushout (see Proposition 6.2) which is sent by F to a pullback. Hence 
the morphism 

(?7f)t* = (^F)(T-t")* ^ ('7f)(TTo)* 

is indeed an iso in this case. 



''This conditions translates to the fact that 1a is the initial object in (k | A)°^ and therefore 
that we have an iso a^^ : LimG o tt'* = G o tt^^Ia) = G{A). 



If T is principal and T = (a")* then the category (k J, (a'*)*)"*' has the initial 
object l(an)*, so morphism 

Miar^r : i?ank(Fok)(K)*) 

is an iso. 

Finally, let assume that T{= P) is any principal positive face structure of di- 
mension n. Thus, by Corollary 14.2, we have a principal pushout 

d* 

(dP)* — - P* 



dP 



[a 



n—l\* 



which, by Theorem 14.3, is preserved by F. By induction hypothesis the morphisms 

{Vf)(tI'^)*, ('7F)c(fc)(Ti«)*' ('7F)(TTa)* 

are iso, so we have that the morphism 

{r]F)p* = {VF)(dP)* X {VF){a")* 

is iso, as well. □ 

Corollary 15.2 We have a commuting triangle of adjoint equivalences 
ujCat 



(-) 



sPh{(Ctypest'^fP,Set) 




Ran\f, 



sPh{S°P, Set) 



In particular the categories uCat and sPb{{CtypesZ^^Y^ , Set) are equivalent. 

Proof. It is enough to show that in the above diagram k* o (— ) = (— ). But this 
is obvious. □ 



16 A monadic adjunction 

In this section we show that the inclusion functor e : Covcipi^^^ — > uCat has a 
right adjoint which is monadic. 

First we will give an outline of the proof. Consider the following diagram of 
categories and functors 



Comp+/^- 



LoCat 



(-) 



(-) 



sPh{{Ys+l^)°P,Set)\ 



Lam 



(-) 



sPh{{CtypesV^)°P,Set) 



where e is just an inclusion of positive-to-one computads into w-categories and j = 
(— )* : Fs^/"*^ — > Ctypest^^ is an essentially surjcctive embedding. We have already 
shown (Proposition 13.4, Corollary 15.2) that the vertical morphisms constitute two 
adjoint equivalences. The proof that e has a right adjoint has two parts. First 
we will check that the functor Lanj{F), the left Kan extension of a composition 
pullbacks preserving functor F preserves the composition pullbacks. Then we shall 
check that the above square commutes, i.e. (— ) o e = Larij o (— ). Thus reduces the 
problem to check whether j* the left adjoint to Larij is monadic. 

Lemma 16.1 The functor of the left Kan extension 

Larij : sPb{{Fs+^^)°P , Set) — > sPb{{Ctypes+/^)°P , Set) 

is well defined, i.e. whenever F : {Fs'^^^)"^ — > Set preserves special pullbacks so 
does Lanj{F) : [Ctypestj^^)"'^ — > Set. Moreover, the above functor Larij is the left 
adjoint to 

j* : sPb{{Ctypes+/^)"P,Set) sPb{{Fs+/^)"P, Set). 

Proof. Note that once we will prove the first part of the statement the part 
following 'moreover' will follow immediately. 

Fix F in s P6((Fs+/^)"P, Set) for the whole proof. First we shall describe the left 
Kan extension along j in a more convenient then the usual way, c.f. [CWM]. Fix a 
positive face structure S. Lanj{F){S) is the colimit of the following functor 

jop I g (Fs+/^)°f Set 

i.e. Lan^{F){S) = {F o tt'^, a^). Note however that if we have a map / : a — > b in 
jop I g J g there is a commuting triangle 



S* 




by Lemma 10.3 we can take the inner-outer factorizations of both a = a'; {a")* and 
b = 6'; {b")*, with a' and b' inner. Hence, again by Lemma 10.3, there is a morphism 
/' : a' — > b' which must be an iso. In this way we get a commuting diagram 




1^ Ti* 

1 fi ^ -^2 



which correspond to the following part of the colimiting cocone 




Thus if there is a morphism between two objects in j"'^' | 5 / : a ^ 6, we have a 
commuting diagram 



a 

with a' being the inner part of both a and b. Otherwise there are no comparison 
maps. But this say, that in fact 

Lani{F){S*) = U„:5-^T* inner F{T) ^ F{T) 



where the coproduct is taken over all (up to iso) inner maps with the domain S*, 
with the coprojections as shown. 

If h : SI — > S2 is an w-functor and 02 : <S'2 — > T2 is inner, by Lemma 10.3, we 
can form a diagram 



ai 



a2 



with ai inner and {h')* outer. Lan^{h) is so defined that, for any h', ai, 02 as above, 
the diagram 

Lanj(F)(S|) = Ua,:S;^T* inner ^^(^2) '^-^ F{T2) 



Lan;{F){h) 



Lanj(F)(5i*) =U„i:Sr^T' inner ^(^l) 



F{h') 
F{Ti) 



commutes. This ends the description of the functor Lany 

We shall use this description to show that Lanj{F) preserves the special 
pushouts. 

So assume that Si and S2 are positive face structures such that c*^'^)(S'i) = 
d('=)(5'2), i.e. we have a pushout 



Si 



-51 



C^'^\Si 



1^2 



in Fs"^/^. We need to show that the square 



'52 



S2 



Lanj(F)(5i) . -^""J (-^) ) Lani{F){Sv,kS2) 



Lanj(F)(c^'; 



Lanj(F)(cW(5i)) 



Lan^{F){K2) 



Lanj(F)(dg)) 



Lani{F){S2) 



is a pullback in Set, i.e. that the square 



TT P(T^ Lanj{F){m) , . 

Ua:5*-^r* inner ^ U ) " Uo:(5i;j,S2)*^T* inner ^ U ) 



Lan;{F){cf^] 

lJa:(c('=)(5i))*^T* inner ^i^) 



Lanj(F)(47) 
is a puUback m. Set. So suppose we have 



Lan-^{F){n2] 



UoiSJ^T* inner 

F{T) 



X2 e F{Ti) 



ai 



]la:S*-*T* inner 



F{T) 

lla-.Sl^T* inner -^(^) 



such that 



Lan^iF){4^)ix-,) = Lan;{F){dfj{x2) 



i.e. we have a commutative diagram in Fs^^^ 

(c«(5i))* = (dW(52))=* 

ao 



5J 



ai 



02 



such that 



n /I 

F(/i)(xi) = F(/2)M. 



By Proposition 10.2, 

cWai = ao = d(*^)a2, /i* = (cg^)*, /I = (dg)* 

and the square 

/Ti 1 rji rji 

J-l ^ -£l,fe-£2 

/l 

r ^ -Ts 

is a special pushout. We have a commuting diagram 

SI ^ (S'i;jfc52) 



ao 



ai 



02 



ai + 02 



where the bottom square is the above square, the top square is obvious. All the 
horizontal morphisms are outer. Since ai and 02 are inner, ai{Si) = Ti and a2(>S'2) = 
T2 we have 

(ai + a2){Si;kS2) = ai{Si);k 02(82) = Ti;kT2. 

i.e. ai+a2 ■ {Si;f^S2)* — > {Ti\^T2) is inner, as well. So in fact all vertical morphisms 
in the above diagram are inner. 

Suppose we have another inner map u and outer maps k'/, K2 so that the squares 



{Si\j^s2y 



K,2 



ai 



u 



a2 



U*' 



1 //* //* 2 

commute. A diagram chasing shows that 

i;ki — ao;/2;/t2 
As inner-outer factorization is essentially unique, it follows that 

1 ! '^1 — J2j^2 

By the universal property of the pushout (ri;^r2)* we have an a;-functor v : 
{Ti;y,T2)* — > U* such that 



k" 



K2',U 



Then again by a diagram chasing we get 

Ki;u = Kf, (oi + a2);v 

for i = 1,2. Hence by universal property of the pushout (S'i;^S'2)* we have that 
u = {ai+a2);v. But both u and (01+02) are inner so by uniqueness of factorization, 
see Lemma 10.3, v must be an iso, as well. This means that if there is an a; G 

lJa:(5i;,52)*-T* inner HT) SUCh that 

Lanj{F){Ki){x) = xi, Lan-j{F){K2){x) = X2 

it is necessary that x belongs to the summand of the coproduct with the index 
(ai + 02), i.e. 



xeF{Tv,kT2) 



K 



('S'i;feS2)* 



lJa:(Si;fc52)*-»T* inner -^(^) 



But F sends special pushouts in Fs"*"/^ to pullbacks in Set so the square 

F(Ti)S^F{T,;,T2) 



F{T) 



FW2) 

F{T2) 



is a puUback in Set. Thus indeed there is a unique x G F(Ti;^,T2)'F(r) such that 
F{n'j){x) = Xi for z = 1,2. This shows that Lan^{F) preserves special pushouts. □ 
In the proof above we have described the left Kan extension Lanj in a special 
way in terms coproducts. As it is a very important property the corollary below we 
restate this description explicitly, for the record. 



Corollary 16.2 The functor 

Lan-j : sPh{{Ys+'^yP , Set) — > sPb{{Ctypes+/^)°P , Set) 

is defined for F G sPb{{Fs'^^^)°P , Set) as follows. For a positive face structure S we 
have 



Lani{F){S*)=Ua:S'^T* inner HT) 



F{T) 



where coproduct is taken over all up to iso inner maps in Ctypesuj with the domain 
S* , with the coprojections as shown. 

If h : Si — >■ S2 is an u-functor and 02 : — > r| is inner, by Lemma 10.3, we 
can form a diagram 




with ai inner and h' a face structures map, i.e. the map {h')* is outer. Lan^(h) is 

so defined that, for any h, h' , ai, 02 as above, the diagram 

s* 

Lani{F)iS*,) = U„,:«^r^ inner ^^(^2) ^ F{T2) 



Lan;{F){h) 

Lan;{F){Sl) = Uai:5,*^T* inner ^=^(^1] 

commutes. □ 

Lemma 16.3 The following square 

Comp+/i 



5* 



F{h') 
HTi) 



LoCat 



(-) 



(-) 



sP6((Fs+/^)°P,5ei) 
commutes, up to an isomorphism. 



*sPb{{CtypesZ'^)"'^\Set) 



Proof. We shall define two natural transformations and '0 which are mutually 
inverse, i.e. for a positive-to-one computad Q we define 



Lanj(Comp+/i((-)*,Q)) 



'ioCat{{-)*,Q) 



Let a : S* — > T* be an inner map and / : T* ^ ^4 be a computad map, i.e. g 
is in the following coproduct 

g e Comp+/i(r*,Q) U5*-.il* inner Comp+/i (i?*, Q) 

Then we put 

'PQia) =a;9- 

On the other hand, for an w-functor f : S* ^ Q E ujCat{S*, Q), by Proposition 
12.2.4, we have a factorization 



S* 

Then we put 

Mf) = rfiS) e Comp+/i(r;(5),Q) -J^ Us^-^ii* inner Comp+f^R* , Q) 

The fact that these transformations are mutually inverse follows from the fact that 
the above factorization is essentially unique. 

The verifications that these transformations and natural is left for the reader. 

□ 

Proposition 16.4 The functor 

Lan^ : sPb{{Fs+^yP , Set) sPh{{Ctypes+/^yP , Set) 
preserves connected limits. 

Proof. This is an easy consequence of Lemma 16.2, where Lan-j is described in 

terms of pushouts. For preservation of connected limits it is sufficient to show that 
wide pullbacks and equalizers are preserved. We shall sketch the preservation of the 
binary pullbacks leaving the details and other cases to the reader. 
So let 

FxhG 



F 

be a pullback in sPfe((Fs+/i)°P, Set). Then we have, for any positive face structure 
S, we have 

Lan;{F Xh G){S*) = JJ {F Xh G){T) ^ 

a:^*— >T* inner 

= II HT) XHiT) G{T) ^ 
a:S*^T* inner 

a:5*->T* inner a:5*-+T* inner 

^ Lani{F)iS*) Xl,^.^h)(S*) Lanj(G)(5*) 

as required. □ 

Prom Propositions 13.4, 16.4, Lemma 16.3 and Corollary 15.2 we get immediately 
Theorem 16.5 The embedding functor 

e : Comp"'"/^ — >• uoCat 

preserves connected limits. □ 
We have 



Theorem 16.6 The functor 

j* : sPb{{Ctypes+/^)"P,Set) sPb{{Fs+/^)"P, Set) 

is monadic. 

Proof. We are going to verify Beck's conditions for monadicity. As j is es- 
sentially surjective j* is conservative. By Lemma 16.1, the adjunction Lauj H j* 
restricts to the above categories. So j* has a left adjoint. It remains to show that 
sPb{{Ctypes^^^yP , Set) has coequalizers of j*-contractibIe coequalizer pairs and that 
j* preserves them. 

To this aim, let assume that we have a parallel pair of morphisms in 

sPb{{Ctypes^^yP,Set) 



A B 

G 

such that 



A{{-)*) ■ t B{i-)*) , Q 

is a split coequalizer in sPb{{Fs^^^)°P, Set), i.e. the following equations 

s;q = '^Q, G(_)*; g = F(_)*; g, = l^j-j-.)*), t;G(_)*=g;s 

hold. 

We are going to construct a special pullbacks preserving functor C : 
{Ctypest)^^)°P — > Set and a natural transformation H : B — >■ C so that the 
diagram in sPb{{Ctypes^^^)"P,Set) 



A B — 



G 

is a coequalizer, and -f^(-)* = q- 

The functor C on a morphism / : Tf — > T2 is defined as in the diagram 

C{T() — ^^■^^ . C{T^) 
Q{Ti) Q{T2) 



QT2 



i.e. C{Ti) = Q{Ti), for i = 1,2 and C{f) = st,; B{f);qT,. 
The natural transformation H is given by 



Hj'* = Q'p 



for T G Fs+/^ 

It remains to verify that 

1. C is a functor; 



2. H is a. natural transformation; 

3. C((-)*) = Q; 

4. = q; 

5. C preserves the special puUbacks; 

6. if is a coequalizer. 
Ad 1. Let 

rr.. f rr.. 9 rj.. 

^1 " -^2 " 

be a pair of morphisms in Ctypest^^ ■ We calculate 

C{f);C{g) = ST^;B{f);qT2;sT2;B{gy,qT3 = 

= STi ; B{f); ; Gt* ; B{gy,qTs = 
= STi;B{f);tT2;A{g); Gt* ; qxa = 
= STi ■,B{f); ; A{g) ; Ft* ; qTs = 
= STi;B{f)-tT2;FT*;B{g);qTs = 
= ST^; B{f)-tT2; Ft*; B{g);qT3 = 
= STi;B{f);B{g);qTs = 
= STi;B{f;g);qT3 = C{f;g) 
i.e. C preserves compositions. If T is a positive face structure, we also have 

C(1t*) = St; B{lT*);qT = st; qr = 1q(t) = lc(r*)- 

i.e. C preserves identities, as well. 

Ad 2. Let / : T2* — > Tf be a morphism in Ctypes^^^. We have 

B{f);HT*=B{fy,qT2 = 

= tT,;FiT*y,B{fy,qT2 = 
= tT,;A{fyF{T^yqT2 = 
= tT,;A{fyGiT^yqT2 = 
= tT,;G{T^yB{fyqT2 = 

= qTi;sTi;B{fy,qT2 = 

= qT,;C{f) = HT*;Cif) 

i.e. ii is a natural transformation. 

Ad 3. Let / : T2 — >■ Ti be a morphism in Fs"*"/^. Thus q is natural with respect 
to /. So we have 

C(r) = ST,;B{ryqT2 = ST,;qT,;Q{f) = ln;Qif) = Qif) 

i.e. C(-„)* = Q. Note that we still don't know that C is in spPh{{CtypesV^Y^, Set). 
Ad 4. H(^_Y = q holds by definition. 

Ad 5. Since special pullbacks involve only the outer morphisms (i.e. those that 
comes from Fs"*"/^), and Q preserves special pullbacks so does C. 

Ad 6. Finally, we shall show that if is a coequalizer. Let p : B — > Z be 
a natural transformation in sPb{{Ctypes^^^)°P , Set) such that pF = pG. We put 
k = s;p : C — > Z , so that we have a diagram 



F 




Z 



We need to verify that k is a natural transformation in sPh{{CtypeSu) )°^, Set), such 
that p = H]k. Then, the uniqueness of k will follows from the fact that g is a split 
epi. Let / : T2 — > be a morphism in Ctypest,^^ ■ Then 

C{fy,kT* = STi;B{f);qT2;kT* = 

= STi ■,B{f); ; STa ; PT* = 
= STi ■,B{f); ; Gt* ; Pt* = 

= STi;B{f);tT2; Ft* ; pr* = 

= STi;B{f);pT* = 

= ST,;PTf,D{f) = kT*;D{f) 

i.e. k a natural transformation and hence H is indeed a coequalizer of F and G in 
sPb({Ctypesw^^)"^, Set), as required. □ 

Combining the above theorem with Corollaries 13.5 and 15.2 we get 

Theorem 16.7 The nerve functor 

H : uCat — > sP6((Fs+/^)°^', Set) 
sending the lu -category C to the presheaf 

LoCat{{-)*,C) : (Fs+/^)°f Set 

is monadic. 

17 Appendix 

A definition of the positive-to-one computads and the comma categories 

The notion of a computad was introduced by Ross Street. We repeat this def- 
inition for a subcategory Comp^/"*^ of the category of all computads that have 
indeterminates of a special shape, namely their codomains are again indeterminates 
and their domains are not identities. We use this opportunity to introduce the no- 
tation used in the paper. In order to define Comp"*"/^ we define two sequences of 
categories Comp+/^ and Comma^/^. 

1. For n = 0, the categories Comp^^''^, Comma^^^ are just Set, and the functor 
(— ) : Comma^/''^ — > CompJ/^ is the identity. 

2. For n = 1, the category Comma^^''^ is the category of graphs (i.e. 1-graphs) 
and Comp^/^ is the category of free a;-categories over graphs with morphisms 
being the functors sending indets (=indeterminates=generators) to indets. 



3. Let n > 1. We define the following functor 

TT+i : Comp+/i Set 

such that 

iT+\P) = {{a,b) : a G (P„ - 6 € |P|„, d{a) = c{a) = c(6)} 

i.e. 7r+^(P) consists of those parallel pairs (a, 6) of n-cells of P such that a is 
not an identity and b is an indet. On morphisms 7r+^ is defined in the obvious 
way. We define Comma^^\ to be equal to the comma category Set | 7r+^. So 
we have a diagram 

Comma+|i 



n+l 




4. For n > 1, we can define also a functor 

TTn : nCat — ^ Set 

such that 

TTniC) = {{a,b) : a,b e Cn, d{a) = d{b), c{a) = c{b)} 

i.e. TTniC) consists of all parallel pairs (a, b) of ra-cells of the n-category C. We 
define Comma„_|_i to be equal to the comma category Set [ 7r„. We often 
denote objects of Comma„_|_i as quadruples C = (|C|n+i, C<„, d, c), where 
C<n is an n-category, |C|„+i is a set and (d, c) : |C|„+i — > TTn{C<n) is a 
function. Clearly, we have a forgetful functor 

Un+\ ■ {n + l)Cat — > Comma„+i 

such that for an (n + l)-category A we have 

i^n+l{A) = {An+l,A<n,d,c) 

which forgets the structure of compositions and identities at the top level. This 
functor has a left adjoint 

J-'n+i '■ Comma„+i — > {n + l)Cat 

The category J^n+i{\B\n+i, B<n, d, c) is said to be a free extension of the n- 
category B by the indets |-B|„. 

The category of positive-to-one l)-computads Comp^^^^ is a subcategory 
of (n-l-l)Cat whose objects are free extensions of positive-to-one n-computads. 
The morphisms in Comp^^^ are (n -|- l)-functors that sends indets to indets. 
Thus the functor J^n+i restricts to an equivalence of categories 

^n+i : Comma+{i — > Comp+/i, 



its essential inverse will be denoted by 
II - ||„+i : Comp+( 
Thus for an (n -|- l)-computad P we have ||-P||n = {P<n, \P\n+i,d,c). 



^+1 : Comp;^(\ — > Comma,;["{^i. 



5. The category Comp"*"/^ is the category of such a;-categories P, that for every 
n G a;, P<n is a positive-to-one n-computad, and whose morphisms are u- 
functors sending indets to indets. 

For n G a;, we have functors 

I - |„ : Comp+/i — > Set 
associating to computads their n-indets, i.e. 

f : A ^ B ^ \f\n : \A\n ^ \B\n, 
they all preserve colimits. Moreover we have a functor 

I - I : Comp+/^ — > Set 
associating to computads all their indets, i.e. 

f:A^B^\f\:\A\^\B\, 

where 

1^1 = II \A\n. 

It also preserves colimits and moreover it is faithful. 

6. We have a functor 

(~)<n ■ (^Cat — > nCat 

such that 

f :A^B^ Uk-.A^k^ B<k 
with G a;, it preserves limits and colimits. 
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